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Abstract. In the effective background field theory of string theory, the Green-Schwarz anomaly cancellation 
mechanism plays a key role. Here we reinterpret it and its magnetic dual version in terms of, differential 
twisted String- and differential twisted Fivebrane- structures that generalize the notion of Spin-structures 
and Spin-lifting gerbes and their differential refinement to smooth Spin-connections. We show that all 
these structures can be encoded in terms of nonabelian cohomology and twisted nonabelian cohomology 
and differential twisted nonabelian cohomology, extending the differential generalized abelian cohomology 
as developed by Hopkins and Singer and shown by Freed to formalize the global description of anomaly 
cancellation problems in higher gauge theories arising in string theory. We demonstrate that the Green- 
Schwarz mechanism for the i?3-field, as well as its magnetic dual version for the Hf-fie\(i define cocycles 
in differential twisted nonabelian cohomology that may be called, respectively, differential twisted Spin(n)-, 
String{n)- and Fivebrane(n)- structures on target space, where the twist in each case is provided by the 
obstruction to lifting the classifying map of the gauge bundle through a higher connected cover of U (n) 
or 0(n). We work out the (nonabelian) Loo-algebra (Loo-algebroid) valued differential form data provided 
by the differential refinements of these twisted cocycles and demonstrate that this reproduces locally the 
differential form data with the twisted Bianchi identities as known from the string theory literature. The 
treatment for M-theory leads to new models for the C-field and its dual in differential nonabelian cohomology. 
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1. Introduction 

String theory and M-theory involve various higher gauge-fields, which are locally given by differential form 
fields of higher degree and which are globally modeled by higher bundles with connection (higher gerbes with 
connection, higher differential characters) [33j (cf. ^TOj). Some of these entities arise in terms of lifts through 
various connected covers of orthogonal or unitary groups. For example, an orientation of a manifold M can 
be given by a lifting of the classifying map x : M ^ BO for the tangent or frame bundle of M to a map 
or : M — » BSO. In turn, a spin structure on M can be given by a further lifting sp : M ^ BSpin. The 
existence of a Spin structure is an anomaly cancellation condition for fermionic particles propagating on M . 
The spaces BO, BSO and BSpin are the first steps in the Whitehead tower of BO. The next step above 
-BSpin is known as i?String, with String the topological group known as the String group. 

Originally Killingback |50| defined a string structure on Af as a lift of the transgressed map LM — > BLSpin 
on loop space through the Kac-Moody central extension i?iSpin(n). This cancels an anomaly of the heterotic 
superstring on M . Later it was realized that this is captured down on AI by a lift of sp : M ^ i3Spin(n) to 
str : M i3String(n) |78]. A further lift fiv : M — > i?Fivebrane(n) through the next step in the Whitehead 
tower of BO{n) is similarly related to anomaly cancellation for the NS-Fivebrane on M and accordingly the 
corresponding space is called _BFivebrane(ri) [69] . 
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Figure 1 . Topological structures generalizing Spin(n)-structure. In application to effective 
background field theories appearing in string theory, these bare structures are twisted and 
moreover refined to differential structures. 



While anomalies are cancelled by these lifts of maps of topological spaces, the dynamics of these systems 
is controled by smooth refinements of such maps. This is well understood for the first steps: the topological 
groups 0{n), SO{n) and Spin(n) naturally carry Lie group structures and the differential refinement of 
X —^ i3Spin(7i) is well known to be given by a differential nonabelian Spin(n)-cocycle, namely a smooth 
Spin(n)-principal bundle with connection. 

However, the higher connected topological groups String(n) and Fivebrane(n) cannot be finite dimensional 
Lie groups and are not known to admit any infinite-dimensional Lie group structure. But String(n) does have 
a natural incarnation as a smooth 2-group [S] [10] [TU] [7] [T^], a higher categorical (see |56] for all matters 
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of higher category theory needed here) version of a Lie group. Similarly, Fivebrane(n) does naturally exist 
as a smooth 6-group. Generally [701 every topological space BO{k) in the Whitehead tower of BO naturally 
has a smooth incarnation as a smooth oo-groupoid: an {po, l)-categorical sheaf [56^ ("oo-stack") on a site of 
smooth test spaces. As such, these spaces have Loo-algebras as their infinitesimal approximation in the same 
way that SO(n) has a Lie algebra associated with it. Therefore after passing to the smooth oo-groupoid 
incarnation of the objects in the Whitehead tower of BO there is a chance of obtaining differential refinements 
of String(n)- and Fivebrane(n)-structures etc. that are expressed in terms of higher smooth bundles with 
smooth Loo-algebra- valued connection forms on them |68j . 

The general refinement of cohomology classes to differential cohomology classes for the case of abelian 
(Eilenberg-Steenrod-type) generalized cohomology theories has been discussed by Hopkins and Singer [32] 
and shown by Freed [33j to encode various differential (and twisted) structures in String theory. However, the 
cohomological structures that appear in the Freed- Witten [33] and in the Green-Schwarz anomaly cancellation 
mechanism '38' , as well as in the magnetic dual Green-Schwarz mechanism '69^ themselves originate from and 
are controlled by nonabelian structures, namely the 0(n)-principal bundle underlying the tangent bundle of 
spacetime and the ?7(n)-principal bundle underlying the gauge bundle on spacetime, as well as their lifts to 
the higher connected structure groups: a map X — * i?Spin(n) (smooth or not) gives a cocycle in nonabelian 
cohomology, and so do its lifts X — > _BString(n) etc. 

Therefore here we describe a theory of (twisted) differential nonabelian cohomology, that builds on [lOj [72] 
[73] [73] [68] and is discussed in more detail in [70] . We show that the Freed- Witten and the Green-Schwarz 
mechanisms, as well as the magnetic dual Green-Schwarz mechanism, define differential twisted nonabelian 
cocycles that may be interpreted as differential twisted Spin*^-, String- and Fivebrane-structures, respectively. 
Equivalent anomalies differ by a coboundary, so that they are given by cohomologous nontrivial cocycles. 
Equivalence classes of anomalies are captured by the relevant cohomology. We thus have a refinement of the 
treatment in (69j to the twisted, smooth and differential cases. 

In particular, the various abelian background fields appearing in the theory, such as the Kalb-Ramond 
field and the supergravity 3-form field, are unified into a natural coherent structure with the nonabelian 
background fields - the spin- and gauge-connections - with which they interact. For instance, the relations 
between the abelian and the nonabelian differential forms that govern the Green-Schwarz mechanism [38] 
are realized here as a (twisted) Bianchi identity of a single nonabelian Loo-algebra valued connection on a 
twisted String(n)-principal 2-bundle. 

A similar structure appears in M-theory (for which the above string theory is essentially a boundary) and, 
in fact, we get a model for the M-theory degree three C-field in nonabelian cohomology, extending previous 
models (cf. [IB])- Our formalism also provides a model for the dual of the C-field in degree eight. 

Aspects of such differential twisted nonabelian cohomology in low degree had been indicated in [4j in the 
language of twisted nonabelian bundle gerbes with connection. This is further developed in [35], where a 
2-bundle gerbe realization of the twisted String(n)-structures we discuss is presented. The formalism that 
we give in section [2] is meant to provide the fully general picture of such differential twisted nonabelian 
cohomology in an elegant, albeit somewhat abstract, language. Its more concrete realization in terms of 
Loo-algebra valued Cartan-Ehresmann connection forms, as introduced in [68], is derived from the abstract 
formalism in 12.4.71 and described further in section |31 and the explicit derivation of the twisted Bianchi 
identites of Loo-algebra connections corresponding to the Green-Schwarz mechanism and its magnetic dual 
is in section [S] 

Summary. In this paper we achieve the following goals: 

(1) generalize String- and higher structures to the twisted case; 

(2) provide differential cohomology versions of these twisted structures; 

(3) provide a model for the M-theory C-field; 

(4) provide a model for the dual of the M-theory C-field. 
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Figure 2. Abelian versus nonabelian cohomology. Since the groups String(n) as 
well as Fivebrane(n) are shifted central extension of nonabelian groups, cohomology with 
coefficients in these groups has nonabelian and abelian components. This appears as abelian 
cohomology twisted by nonabelian cocycles in a certain way. The Green-Schwarz mecha- 
nism implies that two classes in ordinary abelian cohomology, namely in degree four differ- 
ential integral cohomology, coincide. But these classes are particularly obstruction classes 
to String-lifts in nonabelian cohomology. The middle part of Figure 1 , labelled "abelian 
cohomology" , identifies the cocycle representative in H^{X, Z) and the coboundary between 
them, but does not specify where these cocycles come from. The outer part of the diagram, 
labelled "nonabelian cohomology" does specify the object whose class is the one identified 
by the middle part. We have adopted cohomological language in the greatest generality, 
namely homotopy classes of maps X ^ A for given A, often with an algebraic structure. 
Thus we refer to such maps as cocycles. This is elaborated in Section 12.11 The situation 
becomes more pronounced when this setup is refined to differential nonabelian cohomology, 
discussed in section [5j 

The first two are purely mathematical results that we hope will be of independent interest in developing 
higher (algebraic, geometric, topological, categorical) phenomena. The third and fourth are applications to 
M-thcory which we hope will add to a better understanding of structures appearing in that theory, which 
in turn is hoped to result in identification of yet more rich mathematical structures within it. From a 
mathematics point of view, they serve as interesting concrete examples of the formalism we have developed 
in the first two points. 

Examples. Section [3Tl discusses how the anomaly cancellation mechanisms in String-theory can be under- 
stood topologically in terms of twisted higher structures given by twisted nonabelian topological cocycles. 
The physical examples of most relevance here arise in various anomaly cancellations in String theory. The 
Freed- Witten condition [36] in type IIA string theory says that the third integral Stiefel- Whitney class W3 
of a D-brane Q has to be trivial relative to the Neveu-Schwarz field H^\q restricted to the D-brane, in that 
the two classes agree: W3 = [iJalg]. 

Higher versions of this example are the Green-Schwarz mechanism and its magnetic dual version. Recall 
the notion of String structures from [B^j as maps from a space X to _BString(ri), the 3-connected cover of 
i3Spin(n). In [84] the notion of twist for a String structure was considered: a space X can have a twisted 
String structure without having a String structure, i.e. the fractional Pontrjagin class ^pi{TX) of the 
tangent bundle can be nonzero while the modified class ^pi{TX) + [/3] = 0, where (3 : X ^ K{'L,A) is a 
fixed twist for the String structure. The Green-Schwarz mechanism in String theory may be understood as 
defining a twisted String-structure on target space, with twist given in terms of a classifying map for the 
gauge bundle. 
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Since a String structure is refined by a Fivebrane structure in analogy to how a String structure itself 
refines a Spin structure, it is natural to consider twists of Fivebrane structures in the above sense. In this 
paper we give a definition of twisted Fivebrane structures and show that the dual Green-Schwarz mechanism in 
heterotic String theory reviewed in detail in [69j provides an example. Hence the twisted Fivebrane conditions 
do in fact appear in string theory and M-theory and they correspond, as we will see, to anomaly cancelation 
conditions for the heterotic fivebrane [30] [55] and for the M-fivebrane [88] [90] [34] [28], respectively. We 
discuss these two cases in section 15^ and section [531 in terms of topological cocycles (maps to the appropriate 
classifying spaces) and describe in section [531 and [531 their differential refinements. 

2. COHOMOLOGY: NONABELIAN, TWISTED AND DIFFERENTIAL 

This section indicates the general theory and tools that we employ to describe differential twisted non- 
abelian cocycles. A detailed formal development is given in [70]; here we are content with giving an overview 
sufficient to put our main constructions in perspective. 

2.1. Nonabelian cohomology as homotopy theory. Ordinary cohoniology in degree 1 of a 'nice' topo- 
logical space X with values in a possibly nonabelian group G can be defined as the pointed set of homotopy 
classes of maps of topological spaces from X into the classifying space BG. Alternatively, we could adopt 
an axiomatic approach and discuss contravariant functors from a class of spaces to sets or groups, etc. E.H. 
Brown in [l3] showed that such functors to sets satisfying two axioms (Wedge and Mayer- Vietoris) were 
representable, that is, given such a functor H there was a space Ah such that H was naturally isomorphic 
to [ , Ah] ■— TToMaps{ , Ah), the set of homotopy clases of maps to Ah- If H takes values in the category 
of groups, then Adams [3] showed Ah is something like a homotopy associative H-space. Earlier Brown [13] 
had shown that in the presence of an additional axiom (Suspension) for a generalized Eilenberg-Steenrod 
cohomology theory, there were representing spaces that formed an fJ-spectrum. 

More generally, nonabelian cohomology is used to describe functors to sets which are so representable by 
general topological spaces. Given a topological space X and a topological space A, the cohomology of X 
with coefficients in A is just H{X,A) — 7roTop(X, A). The fact that this is a reasonable definition depends 
only on the property that Top is naturally an (oo, l)-topos 56J: a category that has between any two objects 
an oo-groupoid of maps, homotopies between maps, homotopies between homotopies, etc, and which shares 
crucial structural properties with Top. 

As we will discuss below, the discussion of associated and principal cxD-bundles classified by such cocycles 
rests only on the validity of the analog of Giraud's axioms for ordinary toposes in an (c», l)-topos: in 
particular the fact that every groupoid object in an (oo, l)-topos is effective. Therefore for H any other 
(oo, l)-topos it makes good sense to regard for X, A e H any two objects in H the set 

(2.1) iJ(X,A) :=7roH(X,A) 

as the A- valued cohomology of X. In more detail 

• objects of H(X, A) are A-valued cocycles on X: 

• morphisms in H(X, A) are coboundaries between these cocycles; 

• equivalence classes in H(X, A) are cohomology classes, 

• so that the homotopy hom-set H{X, A) := 7roH(X, A) is the A-valued cohomology set of X. It is 
a group if A has a group structure. 

Remark 2.1. When unwrapping this statement and restricting to abelian coefficients A, it becomes a classical 
fact known in sheaf cohomology theory: by 56J every hypercomplete (oo, l)-topos of oo- stacks is presented 
by a model category of simplicial sheaves as developed by Brown, Joyal and Jardine [47j . Abelian sheaf 
cohomology is just a special case of this general notion of cohomology in this context for the case that the 
coefficient object A happens to be in the image of the Dold-Kan map of an abelian chain complex of sheaves. 
For the purpose of our discussion of differential twisted structures, we will consider a site C of smooth test 
spaces - such as a subcategory of smooth manifolds or a subcategory of smooth loci |61| - and then take 
H to be the hypercomplete (oo, l)-topos of oo- stacks on G. Objects in such H are smooth oo-groupoids and 
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cohomology in H is a kind of smooth cohomology that classified smooth principal oo-bundles. The reader 
may safely assume, as mentioned earlier, that we can manipulate generalized smooth spaces just as we would 
ordinary topological spaces. 

Inside such H we then set up a notion of differential cohomology, further below, that describes smooth 
connections and parallel transport in such smooth principal cx)-bundles. Recall that by the very nature of 
(oo, l)-toposes little harm is done by thinking of their objects as just topological spaces most of the time. 
The formalism at work in the background takes care of the fact that these spaces are actually richer than 
topological spaces. Henceforth H shall denote an arbitrary such (c», l)-topos, unless otherwise mentioned. 

2.2. Principal and associated oo-bundles. Since familiar homotopical constructions such as homotopy 
limits and colimits all exist in H, we have all the notions derived from these. In particular for A G H any 
object equipped with a point pt^ : * A its loop space object flA is the homotopy puUback 

(2.2) nA . 

* *- A 

Furthermore, for G any object, we say an object BG is a delooping of G if it has an essentially unique point 
* —>■ BG and G i7BG. If a delooping for G exists, we call G once deloopable and we call it an oo-group. 
More precisely, the simplicial Cech nerve of the morphism * — > BG 

■ ■ ■ * Xbg *xbg * xbg * = ■ ■ -G X G > G I T * ) 

is a group object in H, in that it is a groupoid object in an (cxd, \)-topos in the sense of [5Bj with the terminal 
object in degree 0. By Lurie's generalization (page 437 of [56] and the later discussion of Giraud's axioms) 
of the classical result [76] in H = Top we have that every (possibly ^oo-) group object in H is equivalent to 
one of this form. 

By the general reasoning of nonabclian cohomology discussed above, a cocycle for nonabelian G-cohomology 
on X G H is just a morphism g : X —t BG in H. To this is canonically associated its homotopy fiber 

p ^ * 

y 

X ^BG. 

and we claim that P ^ X canonically extends to the structure of a groupoid object in H that exhibits the 
action of G on P in that it is a groupoid object over G: it fits naturally into a diagram 



PxxP xx P P X G X G ^G X G 



PxxP- 



PxG- 



G 



1.1. 
P- 



-P- 



X 



BG 



We call P ^ X the G-principal oo-bundle classified by g : X BG. 
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For ordinary principal bundles the following terminology is standard, which applies immediately to the 
above oo-categorical situation, too: 

• the morphism PxxP^PxG is the division map; 

• the fact that the division map is an equivalence is the principality condition on the action; 

• the image p : P x G ^ P oi the projection to the second factor p2 : P Xx P ^ P under this 
equivalence is the action of G on P. 

The above shows how every cocycle g : X BC? induces a map P —* X equipped with a G-action. 
Conversely, we may define a G-action on an object to be a groupoid object in H sitting over G. 

2.2.1. Associated oo-bundles. Let G be a group object in H. An action of G on another object y G H is a 
groupoid object y//G — > G over G, meaning a morphism of simplicial diagrams 



V xGxG- 



V xG- 



V ■ 



■GxG 



G 



such that the corresponding diagram of effective epimorphisms 

V 



V//G := limy x G' 



BG 



(recalling [55] that by the axioms of an oo-stack (oo, l)-topos every groupoid object is effective) is a homotopy 
pullback. Conversely, this means that an action of G on ^ is a fibration sequence V ^ V / / G BG. We 
call the object V/ /G with this structure of a groupoid object the action groupoid of G acting on V . In 
H = Top, V/ /G is usually thought of as the Borel construction EG xqV. 



For V ■ 



V//G 



Pp 



V as above and for g : X 
homotopy pullback 

(2.3) 



BG, a fibration sequence encoding an action p of the cx)-group G on a space 
BG a i3G-cocycle on a space X, we call the fibration E ^ X obtained as the 



E: 



V//G 



Pp 



X' 



BG 



the V-bundle p-associated to the G-principal bundle Pg 
such an — > X is a homotopy commutative diagram 



X classified by g. A (homotopy) section a of 



E 
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By the universal property of the homotopy puUback which defines E, this is equivalent to a lift of the cocycle 
g through the morphism Pp, i.e. a homotopy commutative diagram 



V//G 



(2.5) 



X 




where by abuse of notation wc denote the lift by the same symbol as the section it corresponds to. As 
we shall see in the next section, this means that we can identify the collection r(£^) of sections a of the 
bundle E ^ X which is p-associated to the bundle P ^ X classified by e H{X, BG) as the [£f]-twisted 
y//G-cohomology on X: 



T{E) ■.= H^,^{X,V//G) 



(2.6) 



H{X,V//G)- 



bp). 



H{X,'BG) 



When comparing the notion of sections with the general discussion of twisted cohomology in the next section, 

Pp 



notice that if the fibration sequence V ■ 
one more step to the right as BG — 



V//G- 



BG through which the section is a lift extends 



^ G, then kog is the obstruction for E ^ X to admit a section. But 
in applications one is often interested in associated bundles which always admit at least the trivial section 
X >■ * ^//G , such as (higher) vector bundles. 

2.2.2. Local (semi)trwialization. The statement that every principal oc-bundlc P ^ X becomes trivializable 
when pulled back to its own total space is just another way to read the defining homotopy puUback square: 



X 



^BG 

The puUback of the classifying map 51 of P to the total space of P is just the composite classifying map 
P ^ X BG and that this is trivializable is the statement that the above square commutes up to homotopy. 
A relative version of this statement is useful when the coefficient object BG is an extension, in that it sits 
in a fibration sequence 

(2.7) 



BK 



BG 



BiJ 



This is in particular these case for G — String(n) and G = Fivcbrane(n) which are shifted central extensions 

B2C/(1) ^ BString(n) BSpin(n) 



(2.8) 
and 

(2.9) 



B6f/(1) 



■ BFivebrane(n) 



BString(n) . 



In such a case consider the composite homotopy puUback diagram 

Q > BK ^ * 



BG 



BH 



where the right square is the homotopy puUback exhibiting the fibration sequence of coefficient objects, and 
where Q is by definition the homotopy puUback in the left square. Since homotopy pullback squares compose 
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to homotopy puUback squares, also the total rectangle here is a homotopy puUback and hence exhibits Q as 
the iJ-principal oo-bundle underlying the G-principal oo-bundle that is classified by 5 : X — > BG. 

This means that for G an extension as above, G-principal 00-bundles may be encoded as iiT-principal 
00-bundles on the total space of their underlying _ff-principal 00-bundles. This we may call a local semi- 
trivialization of the G-principal cx)-bundle: instead of pulling it back to its total space where it trivializes, 
we just pull it back to the total space of its underlying i7-principal bundle where it doesn't necesarily 
trivialize but does reduce to a if-principal cx)-bundle. 

This construction is, more or less implicitly, the way by which one sees String (n)-bundles encoded in the 
literature in terms of abelian gerbes on total spaces of Spin-bundles: for the fibration sequence B^?7(l) — > 
BString(n) BSpin(n) the above says that a String(n)-principal bundle is encoded in a B[/(l)-principal 
bundle on the total space Q of the underlying Spin(n)-principal bundle. 

One can in fact say more: the if -principal cx3-bundle on the total space Q remembers that it came from 
a local semi-trivialization of a G-principal oo-bundle in that its restriction to the if-fibers of Q is classified 
by the cocycle that controls the extension K G ^ H . To see this, consider the diagram 

G ^* 



H ^Q^ ^ Q ^ Bif ^ * 

* X — ^ BG ^ BH 

where x : * ^ X is any point in X and where every single square and hence all composite rectangles are 
homotopy puUbacks. This says that the restriction of the ^ff-cocycle Q BiiT to the fiber ~ iJ of Q 
over X is the cocycle that classifies the extension G H . 

In the example of String(n)-principal bundles this says that a String(n)-bundle may be characterized by 
a Bt/(l)-principal oo-bundle (~ a C/(l)-bundle gerbe) on the total space of the underlying Spin(n)-principal 
bundle, which has the special property that restricted to each Spin(n)-fiber its class is the generator of 
^^■^(Spin, Z). This description of String(n)-bundles by abelian gerbes on total spaces of Spin(ri)-bundlcs is 
the approach taken in [83j . All this is just yet another aspect of the general mechanism of twisted nonabelian 
cohomology discussed in the next section. More details are given in [70j . 

2.3. Twisted (nonabelian) cohomology. In the general context of cohomology in H as above, we describe 
a general notion of twisted (nonabelian) cohomology that subsumes the nonabelian twisted String- and 
Fivebrane structures discussed here as well as the ordinary notion of twisted abelian (Eilenberg-Steenrod- 
type) cohomology. Moreover, our definition of non-fiat differential cohomology in section l^T^ will be conceived 
as curvature-twisted fiat differential cohomology. This way the differential twisted String- and Fivebrane- 
structures in section [SH] are realized as cocycles in bi-twisted cohomology, as described there: one twist being 
the topological twist, the other being the non- vanishing curvature. All these twists are on the same general 
footing described here. 

2.3.1. Introduction. The now standard example of twisted cohomology is twisted K-theory: let Ahe a, degree- 
space in a K-theory spectrum, i.e. for instance A = x BU or A — Fred{H), the space of Fredholm 
operators on a separable Hilbert space H . There is a canonical action on this space of the projective unitary 
group G — PU{H) of H. Since PU{H) has the homotopy type of an Eilenberg-MacLane space i4r(Z, 2), a 
P?7(i?)-principal bundle P ^ X defines a class c € H^{X, Z) in ordinary integral cohomology. 

The twisted K-theory (in degree 0) of X with that class as its twist is the set of homotopy classes of 
sections X ^ P Xpij(^H) Fred{H) of the associated bundle. This generalizes straightforwardly to the case 
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that A is an infinite loopspace with a (topological) group G acting on it. The for a specified G-principal 
bundle P — > X one says that the collection of homotopy classes of sections X ^ P xq A (where P Xq A X 
is the associated bundle) is the twisted A-cohomology of X with the twist specified by the class of P. 

Remark. If A is (the degree 0-space of) a spectrum, the associated bundle P Xq A is in general no 
longer itself a spectrum: twisted abelian cohomology is not an example of generalized (Eilenberg-Steenrod) 
cohomology. To stay within the spectrum point of view, May and Sigurdsson suggested [60] that twisted 
abelian cohomology should instead be formalized in terms of parameterized homotopy theory, where one 
thinks of P X G ^ as a parameterized family of spectra. But P x g A is in any case a coefficient object in 
nonabelian cohomology. 

By the above discussion, the action of a group G on an object A is entirely encoded in the corresponding 
action groupoid fibration sequence 

(2.10) A^ A//G ^BG 

In that case, the object A//G is traditionally modeled in terms of the Borel construction and written 
Aq — A/ /G ~ EG Xq A. This is the yl-bundle associated to the universal G-principal bundle. Moreover, 
one can see, as described in detail below, that for a given G-principal bundle P — > X that is classified 
by an element [c] G 7roTop(X, BG), otherwise known as H^{X,G), the set of homotopy classes of sections 
X ^ P Xg A is the set of connected components of the homotopy puUback 

Top[,](X,A) ^* 



Top(X,A//G) ^Top(X,PG). 

This suggests a general notion of twisted cohomology in any context H and for twists more general than 
given by a group action: For 

• any fibration sequence A ^ B ^ C in H 

• and for any B-cocycle c G H(X, B) 

it makes sense to say that the connected components H[c]{X,A) := Trollc{X,A) in the homotopy puUback 

He(X,A) ^* 

H=l — yc 

H(X,P) ^H(X, G) 

are the [c]-twisted j4-cohomology classes of X. 

2.3.2. Obstruction theory. It is helpful to think of this in terms of the obstruction problem in cohomology: 
let A ^ B —>■ G he a fibration sequence in H, i.e. a sequence such that the square 

A ^ * 



B ^G 



is a homotopy puUback square, with * denoting the generalized point/trivial object. Since the oo-groupoid- 
valued hom in an (cxd, l)-category is exact with respect to homotopy limits, it follows that for every object 
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X, there is fibration sequence of cocycle oo-groupoids 

K{X,A) 



H(X,i?) 



const* 

■H(X,C) 



This may be read as: 

• the obstruction to Hfting a S-cocycle to an A-cocycle is its image in C-cohomology (all with respect 
to the given fibration sequence) 

But it also says: 

• A-cocycles are, up to equivalence, precisely those -B-cocycles whose class in C-cohomology is the 
trivial class (given by the trivial cocycle const*). 

This motivates the following definition 

Definition 2.2. For 

• A — » B — *■ C 0, fibration sequence in H; 

• X gH an object of H; 

• and c e H(X, C) a C-cocycle on X 

the c-twisted A-cohomoIogy of X is the the set of equivalence classes 

F[,](X,A) :=^oH[,](X,A) 
of the oo-groupoid H[c](X, ^4) that is defined as the homotopy pullback 

H[,](X,A) 



nix,B) 



■n{x,c) 



Notice well that, compared to the previous fibration sequence arising in the obstruction problem, the 
homotopy limit in the above definition replaces the trivial cocycle const^ by the prescribed C-cocyclc c. 
More generally, let H{X,C) H(X, C) be a section of the projection H(X,A) 7roH(X,A) =: H{X,A) 
which picks one representative C-cocycle on X in each cohomology class. Then the total C-twisted A- 
cohomology defined by the fibration sequence A — > B — > C is the set of connected components Hi^{X, A) := 
7roHtw(-''^, A) of the homotopy pullback 



Htw(^,^)' 



H{X,C) 



■H(X,C) 



H(XS) — 

Notice that this is a slight abuse of notation, which however shouldn't be harmful: the twisted cohomology 
Htw{X,A) does depend on the choice of fibration sequence that defines it. We choose to suppress this 
in the notation, as in applications the fibration sequence will always be understood. This total C-twisted 
cohomology comes hence naturally with two projections 

Ht^{X,A) 




H{X,B) 

For [A] € i?tw {X, A) a twisted cocycle 
• ^[A] is the underlying B -cocycle; 



H{X,C) 
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• tw[A] is the C-valued twist. 

2.3.3. In terms of sections. To see that the above indeed reproduces the description in terms of sections of 
associated bundles, consider the A-bundle Aj jG ^ EG xq yl ^ BG associated to the universal G-principal 
oo-bundle following section 12.21 Then then A-bundle E — P y.q A associated to a G-principal c»-bundle P 
classified by a morphism g : X ^ BG is the homotopy puUback 

£;~Pxg^ ^A/ZG-EGxgA . 



X *-BG 

And again it is precisely the universal property of the homotopy puUback that asserts that sections X ^ P 
of this bundle are in bijection, up to homotopy, with those maps X A/ /G whose projection to X ^ BG 
reproduces the prescribed twist g. In summary we have: 

Proposition. The connected components ofH^di^T^) '^'^c *^ bijection with the homotopy classes of sections 
of the A-bundle P ^ X associated to the fibration classified by c: ttqT{P) ~ H[i.^{X, A). 

2.3.4. Local semi-trivializations as twisted cohomology. In the light of this general notion of twisted co- 
homology, reconsider the notion of local semi-trivializations from section 12.2.21 We had seen that for 
B/-C ~> BG Bi7 a given fibration sequence in H, G-principal cx)-bundles on X may be characterized 
by if -principal oo-bundles on the underlying iJ-principal oo-bundle Q ^ X. With the above language of 
twisted cohomology, this means conversely, with the cocycle c : X — > HH of the underlying 7J-principal 
oo-bundle fixed, the if-principal bundles on Q which characterize G-principal bundles on X are cocycles in 
the [c]-twisted if-cohomology H[c](X, Bif) on X. 

Typically in applications - notably in the cases G = Spin, String, Fivebrane, the oo-group K is abelian 
(in these examples it is mathbbbZ^, B[/(l) and B^t/(1), respectively), so that in these cases the above says 
that twisted abelian X-cohomology characterizes nonabelian G-cohomology. 

We may summarize this by the following Principle: 

• nonabelian cohomology may disguise as twisted abelian cohomology; 

• conversely: twisted higher abelian cohomology is really a special case of nonabelian cohomology. 

2.4. Differential nonabelian cohomology. We now refine to differential nonabelian cohomology by de- 
scribing a theory that 

• generalizes the notion of differential cohomology from Eilenberg-Steenrod-type ("abelian" or "sta- 
ble" ) cohomology to nonabelian cohomology; 

• generalizes the notion of connection on a bundle together with the notion of parallel transport from 
principal bundles to higher gerbes and principal oo-bundles. 

Remark 2.3. This is based on a definition of differential nonabelian cohomology that works in great gen- 
erality in any (oo, 1) — topos whose underlying topos is a lined topos; a topos equipped with a line object 
that induces an interval object which in turn induces a notion of paths. In low categorical dimension this 
reproduces the description in [10| , l72| , l74]. From this one obtains differential nonabelian cocycles that are en- 
coded by Ehresmann oo- connections, as we introduce below. // H is a smooth (oo, l)-topos (in the sense of 
smooth toposes in synthetic differential geoemtry), it admits a notion of oo- Lie theory and these Ehresmann 
oo- connections refine to Cartan- Ehresmann oo- connections expressed in terms of oo- Lie algebroid valued dif- 
ferential forms on the total space of a principal oo-bundle. These are the structures introduced and studied 
in [68j . Below we recall them and describe their conceptual origin. 

Througout this subsection, H will always denote a smooth (oo, l)-topos. While it is well known that 

differential abelian cohomology models - and was largely motivated by the description of - abelian gauge 
fields in quantum field theory, many natural examples are in fact differential nonabelian cocycles, such as 
the differential refinements of String- and .Fzueforane-structures that we are interested in here, but also 
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for instance the entire field content of supergravity theories in the first order D'Auria-Fre-forniulation of 
supergravity [371 [BH]. Using aU this, in section Owe exhibit classes of examples of cocycles in differential 
nonabelian cohomology arising from obstruction problems in twisted cohomology that capture the anomaly 
cancellation Green-Schwarz mechanisms in quantum field theory. 

The following sections give an overview. The details will be described elsewhere [70] . 

2.4.1. Idea. The most general notion of cohomology H{X,A) of an object X with coefficients in an object 
A supposes that X and A are both objects of H and is defined by 

(2.11) H{X, A) := Hoh(X, A) := ^oH(X, A) , 

where Hoh is the homotopy category of H, whose hom-sets are the connected components of the oo-groupoid 
ii{X,A) of maps, homotopies between maps, homotopies between homotopies etc., from X to A. See [51] 
for these notions. Since A could be but is not required to be a (connective) spectrum, this is more general 
than what is called generalized (Eilenberg-Steenrod) cohomology: both in that 

• A need not be abelian or an oo-loop space. It may in particular be an arbitrary homotopy n-type 
for any < n < oo. In particular A may be an arbitrary cxD-groupoid, possibly with extra structure, 
such as the smooth structure of an cx)-Lie groupoid. 

• X and A may have more structure than just topological spaces, for instance they may have smooth 
structure in that they are parameterized over smooth test spaces is a suitable way. Such parameter- 
ized objects are called oo-stacks - for instance smooth cxD-stacks. 

This general notion is sometimes called nonabelian cohomology. A standard example of an object in parame- 
terized nonabelian cohomology is a nonabelian gerbe: being a stack (with extra properties) it is parameterized 
over the site it lives on, usually taken to be that of open subsets of the base space. More generally nonabelian 
cohomology classifies principal cxD-bundles, and principal cxD-groupoid bundles 

For ordinary abelian (Eilenberg-Steenrod-type) cohomology, there is a well known prescription for how 
to refine that to differential cohomology. Differential cohomology is to cohomology as fiber bundles are to 
bundles with connection. 

2.4.2. Overview of the theory. We list the basic steps of definitions, constructions and theorems along which 
the theory proceeds. 

2.4.3. The path oo-groupoid. In order to extract differential cohomology in the context given by some H we 
need to have a notion of parallel transport along paths in the objects of H . This is encoded by assigning 
to each object X its path oo-groupoid n(X). Morphisms n(X) A may be thought of as enocoding flat 
A- valued parallel transport on X or cquivalently A- valued local systems on X. This assignment has a right 
adjoint 

(2.12) H^H:(-)fl^,. 

2.4.4. Flat differential cohomology. In the presence of a notion of path cx)-groupoid we take flat differential 
A-valued cohomology to be the cohomology with coefficients in an object ^9at in the image of this right 
adjoint, and write 

(2.13) i?flat(X,A) :=i7(n(X),A) ^iJ(X,Aflat). 

There is a natural morphism X ^ II(X) that includes each object as the collection of 0-dimensional paths 
into its path cx)-groupoid. This induces correspondingly a natural morphism of coefficient objects Aflat ^ A. 
Lifting an A-cocycle X ^ A through this morphism to a flat differential A-cocycle means equipping it with 
a flat connection. 
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2.4.5. Differential cohomology with curvature classes. We identify general non-flat differential nonabelian 
cocycles with the obstruction to the existence of the lift through Aflat A from bare A-cohomology to 
flat differential A-cohomology. There are two flavors of this obstruction theory whose applicability depends 
on whether A is at least once deloopable or more generally nonabelian. We survey the deloopable case for 
simplicity: when A is once deloopable, the morphism Aflat ^ A fits into a fibration sequence 

(2.14) Aflat ^ A ^ BAdR 

where BAjr is the coefficient for nonabelian de Rham cohomology with coefficients in BA: a cocycle 
X BAjjfl; is a flat differential BA-cocycle whose underlying ordinary A-cocycle is trivial. 

This being a fibration sequence means that the obstruction to lifting an A-cocycle X ^ A to a flat 
differential A-cocycle is the BAdR-cocycle given by the composite map X A ^ BAjr. The class of 
this BA-cocycle we call the curvature characteristic class of the original A-cocycle. If this obstruction does 
not vanish but is given by some fixed curvature characteristic class P, there is a general notion of twisted 
cohomology that encodes the P-twisted-flat (that is: general) differential cocycles. This curvature-twisted 
flat differential nonabelian cohomology is finally our definition of differential nonabelian cohomology: For 
A a (once deloopable) object in H and for [P] € H{X,'BAdR) a fixed curvature characteristic class, the 
differential A-cocycles with curvature characteristic P are the elements in the the homotopy puUback 

H[p](X,A) 

H(X,A) -H(X,BAdR) 

One can show that for X an ordinary smooth space the objects in H[p](X, A) correspond to diagrams in the 
model SPSh(C)ioc of H of simplicial presheaves [47] 

Y ^ A underlying cocycle 

first Ehresmann condition 

n(F) ^ > EA connection 

second Ehresmann condition 

n(^) *- BA curvature characteristic forms 

where Y — X is a given hypercover (cofibrant replacement). Here the interpretation of each of the 
horizontal layers is as indicated, as shown by the next step. 

2.4.6. Ehresmann oo- connection. It can be shown that the above differential cocycles constitute an oo- 
groupoidal version of the notion of Ehresmann connection. This is achieved by noticing that every cocycle 
X ^ A trivializes on the total space P — » X of the principal VlA c«-bundle P that it classifies. On P, 
we have the vertical path oo-groupoid Ilvert {P) of fiberwise paths. It can be shown that every differential 
cocycle encoded by a diagram as above (with A fibrant in the given model structure on simplicial presheaves) 
gives rise to a diagram 

Ilvort(P) ^ A flat vertical A- valued differential form 

first Ehresmann condition 

n(P) — EA connection 



n(X) ^ . BA 



second Ehresmann condition 
curvature characteristic forms 
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where each horizontal morphism is now a cocycle in nonabeUan de Rham cohomology. 

A principal oo-bundle P equipped with such nonabelian de Rham cocycle data we call an Ehresmann oo- 
connection as it generalizes the notion of Ehresmann connection on ordinary principal bundles. Its expression 
in terms of oo-Lie algebroid valued differential forms is given by the next step. 



2.4.7. Cartan- Ehresmann oo- connection. The above is still a generalization of the notion of Ehresmann 
connection to an ambient context H that need not necessarily have an ordinary notion of differential forms. 
To obtain that we assume for the following that H is actually a smooth (oo, l)-topos, an analog of an ordinary 
smooth topos in the sense of synthetic differential geometry [ST] . This is for instance obtained by taking H 
to be the (oo, l)-category of oo-stacks on a site of smooth loci |61j . 

In that context we have a notion of oo-Lie theory, which allows us to replace in the above diagram all oo- 
Lie groupoids A appearing with their sub-oo-groupoids of morphisms of infinitesimal extension: the oo-Lie 
algebroid a = Lie(A). In particular the oo-Lie algebroid of the path oo-groupoid n(X) is the oo-groupoid 
n'"^(X) of infinitesimal paths in any dimension. For X an ordinary manifold, this is known as the tangent 
Lie algebroid of X . Then every parallell transport morphism tra : n(X) —t A factors as 

n-f (X) a 



Ii{X)-^^^—^A 

and the top horizontal morphism is a collection of flat oo-Lie algebroid valued differential forms. 

An oo-Lie algebroid of the form g := Lie(BG') is an Loo-algebra, a higher generalization of a Lie algebra. 
Just as every Lie algebra comes with its Chevalley-Eilenberg dg-algebra, so does every Loo-algebra and every 
oo-Lie algebroid. It can be shown that if the object X G H is presented by a simplicial presheaf, that is a 
simplicial manifold X,, then the Chevalley-Eilenberg algebra of Ii™^{X) is weakly equivalent to the simplicial 
de Rham complex Vt*{X) [32] - the total complex of the double complex 



I 

^P{Xq) - 

coming from the dc Rham differential and the differential given by alternating sums of puUback along face 
maps: 

(2.15) CE(n*"-^(X)) ~1]'(X). 

Using this we shall write in general U,*{X) for the Chevalley-Eilenberg algebra of Il™^{X) for any object X 
and speak of the de Rham complex on X. 



np+\x,+,) 

I 

-r!p+i(x„) 
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This way, by first restricting along Il™^{X) ^ n(X) to infinitesimal (higher) paths and then passing 
to Chevalley-Eilenberg dg-algebras of Loo-algebroids, the above diagram characterizing an Ehresmann oo- 
connection translates into a diagram of graded commutative dg-algebras 

Avert 

f2*e^j(P) ^ CE(a) flat vertical differential forms on fibers 

first Ehresmann condition 

ri'(P) < ' W(a) connection form on total space 

second Ehresmann condition 

Q'{X) < ^ inv(a) curvature characteristic forms on base space 

Here W(a) is the Weil algebra of o. Each horizontal morphism here represents a collection of ioo-algebra 
(or even oo-Lie algebroid)-valued differential forms, as described in detail in [68]. This we call a Cartan- 
Ehresmann cxD-connection on the oo-bundle P. These are the Loo-algebra connections that have been 
introduced and discussed in |68j . 

3. Twisted String- and Fivebrane structures in String theory 

With the general formalism of twisted nonabelian cohomology set up, we now describe its applications in 
String theory. 

3.1. Twisted structures: anomalies in cohomological terms. In this section we consider target space 
anomalies in string theory described in terms of (twisted) ordinary cohomology. Later in section Owe extend 
the discussion to differential twisted cohomology and exhibit the differential form refinement of the discussion 
here. 

Three kinds of anomalies in string theory. The following are expressed bilingually in the languages of 
physicists and of algebraic topologists. All of the examples involve a manifold X (or M) , its tangent bundle 
TX, and possibly a 'gauge bundle' E on X. Recall that a Spin structure on an oriented n-manifold M can 
be interpreted as a lifting of the classifying map x : M ^ BSO(n) of TM to BSpinin). The existence of 
such a lift requires the vanishing of the Stiefel- Whitney class W2 £ Lr^(Af, Z2). 

1. The Freed- Witten anomaly: This is a global worldsheet anomaly of type II string theory in the 
presence of D-branes and a nontrivial iJs-field. The statement for the cancellation of the anomaly is that "a 
D-brane can wrap a cycle Q ^ X ui & ten-dimensional spacetime X" only if [3^ 

(3.1) VF3(g) + [i^3]|Q =0ei/3(XiO;Z) , 

where W3,{Q) is the third integral Stiefel- Whitney class of TQ. (Note that in the physics literature, 'D-brane' 
is sometimes used interchangeably with 'cycle'.) We shall see later that the cancellation is encoded in the 
c- twisted cohomology where c is the class [iJaJIg. When Hz\q is trivial in cohomology, i.e. H^\q = dB2, the 
Freed- Witten condition states that the D-brane must be Spin'^. 

The vanishing of W3 allows the existence of a Spin'^-structure. Hence here H^Iq is sometimes referred to 
as a twist of the Spin'^-structure, in the sense of a Spin'^-structure relative to H^Iq. Diagrammatically, this 

means that there is a coboundary/homotopy W^^Q) — "^—^ H^Iq 
(3.2) 




All spaces involved here can be taken to be ordinary topological spaces, all morphisms ordinary continuous 
maps between these and all 2-morphisms ordinary homotopies between those as long as one considers just 
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the topological classes. On the other hand, the analogous discussion for the differential refinement of this 
situation requires all spaces here to be replaced with generalized smooth spaces. 

2. The Green-Schwarz anomaly: This is an anomaly in heterotic and type I string theory, i.e. a string 
theory coupled to a gauge theory, with an H^-iield. The cancellation of the anomaly is via the Green-Schwarz 
anomaly cancellation mechanism |38| which amounts to canceling a gravitational anomaly, coming from the 
coupling of fermions to the gravity part of the action, with a gauge anomaly, coming from the coupling of 
fermions to the gauge field in the gauge bundle E ^ X . The process requires the following condition to hold 

(3.3) pi{TX)-ch2iE) = 0eH^iX;Z) . 

This formula in cohomology is trivialized by H^, i.e. at the level of differential forms, the expression with 
representatives in place of classes is equal to dH^. Mathematically (cf. [33]), the above two contributions 
correspond to the PfafHan line bundle Pfaff and an electric charge line bundle C^, and the statement is that 
the anomaly line bundle Pfaff ^ £e needs to be trivialized. The local (global) anomaly is the curvature 
(holonomy) of this line bundle. As for Freed- Witten, the Green-Schwarz anomaly is encoded in the c-twisted 
cohomology where c is the class ch2{E). 

3. The dual Green-Schwarz anomaly: This is also an anomaly in heterotic and type I string theory, 
but now with an iJy-ficld in the dual formulation of the theory |22| . The cancellation of the anomaly is via 
the dual of the above Green-Schwarz anomaly cancellation mechanism [57] [37] [53] . The process requires 
the following condition to hold 

(3.4) ^p2{X) - ch,iE) + lp,iX)ch2{E) - ^PiiXr = e i7«(X; Z) . 

This formula in cohomology is trivialized by H^j, i.e. at the level of differential forms, the expression with 
representatives in place of classes is equal to dHj. Mathematically (cf. [33]), the statement is that the 
anomaly line bundle Pfaff (8> Cm, where £,„ is the magnetic charge line bundle, needs to be trivialized. As 
above, the trivialization is encoded in the iJy-twisted cohomology. 

The vanishing of the first fractional Pontrjagin class ^pi{X) of a Spin-manifold X is also known as the 
condition for X for admitting a String structure [50] , i.e. a lifting of the structure group of the tangent bundle 
from Spin(n) to String(n). (Notice that in homotopy theory and in physics the class ^pi G H'^{X,Z), which 
is well-defined on a Spin manifold, is sometimes called A.) We continue this pattern, showing that each 
anomaly cancellation corresponds to a specific twisted structure. Namely, in Freed- Witten we will see a 
twisted Spin structure, in Green-Schwarz a twisted String structure and in dual Green-Schwarz a twisted 
Fivebrane structure. 

We now consider twisted structures and make the following definitions, which originate in [84l and which 
we have already interpreted in section [2] in terms of twisted nonabelian cohomology. 

Definition 3.1. An a-twisted String structure (or a String structure relative to a) on a Spin manifold M 
with classifying map f : M ~> BSpinin) is a cocycle a : M ^ K{'L,A) and a homotopy rj: 

(3.5) 




if(Z,4) 



If a is trivial (e.g. factors through a point) then this reduces to an ordinary String-structure. Analogously 
for twisted Fivebrane-structures: 
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Definition 3.2. An a-twisted Fivebrane structure (or a Fivebrane structure relative to a) on a String 
manifold M with classifying map f : M ^ _BString(n) is a cocycle a : A/ — > ^(Z, 8) and a homotopy rj: 

(3.6) M BString(?i) . 

if(Z,8) 



If a is trivial (e.g. factors through a point) then this reduces to an ordinary Fivebrane-structure. 

Notation. We fix once and for all connections uj and A on the Spin bundles and the gauge bundles 
respectively. The corresponding curvatures are F^ and Fa , respectively. We will use these to give differential 
form representatives of the corresponding characteristic classes. We will use the convention of writing a class 
with argument the curvature form to indicate the differential form representative of the class, written with 
argument the corresponding bundle. For instance, pi{TM) = pi{M) means the cohomology class while 
Pi{Fuj) will mean the differential 4i-form representative. 

3.2. Twisted string structures. Relative trivialization on branes. As the example of the twisted 
Spin'^-structures, discussed in the introduction, already indicates, in string theory such structures usually 
arise on branes M ( a a cycle for our purposes, but for more detailed discussion, see e.g. UJ) sitting in an 
ambient space X, i : M — > X, and the twist is by the restriction a := /3|m := t*/3 

(3.7) M 

L 

X — >X(Z,n) 

of a class of the ambient space to the brane. Since this special case of twisted structures is important in 
applications, we state it as separate definition: 

Definition 3.3. A j3-twisted String structure on a brane l : M X with Spin structure classifying map 
f : M i3Spin(n) is a cocycle (3 : X K{Z^4) and a homotopy rj: 



M ^ BSpin(n) 




X -X(Z,4) 




This is essentially the definition also given in [84]. This situation arises with X being the 11-dimensional 
M-theory target space and M = dX, its 10-dimensional boundary, being the target for the heterotic string. 

3.2.1. A refinement for further divisibility of ^Pi- We have given above the definition of a twisted String 
structure, essentially following jS^, see definitions 13.11 and 13.31 In version 1 of the eprint [84], it was also 
anticipated that this is related to Witten's quantization condition. In fact, it is essentially the same, 
because of the extra factor of ^ in front of ^pi in Witten's formula in [87|. In this section we exhibit a space 
in which ^pi = is an obstruction, thus obtaining the flux quantization condition in M-theory exactly, as 
well as providing a further example from string theory. 



in version 1 of the eprint. 
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In order to characterize jpi , we consider a Spin structure on a space Y and consider the following diagram 
(3.9) Y *-S0(4) ^K{Z,A) 



x2 



(SO) (4) = BSpin- 



X(Z,4) 



{B0){2) = BSO- 



K{'l2A), 



where x is our class ^pi which naturally lives not in {BO) {A) — iJSpin but rather in the desired space BO {A). 
The above diagram specifies BO{A). Thus, we have 

Observation 1. The class jpi is the obstruction to lifting an S0(4) bundle, where BO{A) = BO{jpi) is 
defined by diagram 113. 9\) . to a String bundle. 

This observation is analogous to proposition 2 in [69^ for the Fivebrane case, where there we were consid- 
ering the comparison of jgP2 to the obstruction to Fivebrane structure given by ^P2. 



3.2.2. The Green-Schwarz anomaly and the M-theory C -field. Example I: The Green-Schwarz formula. 
We consider the first setting where twisted String structures make an appearance. Anomaly cancelation in 
heterotic string theory is governed by the Green-Schwarz mechanism [3S]. Consider a ten-dimensional Spin 
manifold M, on which there is also a vector bundle E with rank 16 structure group G, which is either iJg x £"§ 
or Spin(32)/Z2. The bundle E is part of the data of a (super) Yang-Mills (SYM) theory and has characteristic 
classes built out of the curvature F. Both the tangent bundle TM and the gauge vector bundle a priori have 
degree four classes \{M) = ipi(TAf) and \{E) = ^pi{E), coming from pullbacks from i?Spin(10) and BG, 
respectively. The anomaly cancelation condition is given by 



(3.10) 



ipi(M) - ^p,{E) = 0. 



Inspecting this formula we can immediately identify it as a twisted String structure with a twist given by 
—\[E) = —^pi{E). Therefore we immediately have 

Proposition 1. The Green-Schwarz anomaly cancelation condition defines a twisted String structure. 

Example II: (Heterotic) M-theory. We next consider the second setting where twisted String structures 
appear. The low energy limit of M-theory is eleven-dimensional supergravity (Sugra). The dimensional 
reduction of the latter corresponds to ten-dimensional supergravity, which in turn is the low energy limit of 
superstring theory. If the process of taking a boundary is done carefully, one can actually recover also the 
coupling to Yang-Mills theory. Then taking a high energy limit leads to heterotic string theory. This is the 
subject of heterotic M-theory, and the process is depicted in this diagram 



(3.11) 



M — theory ■ 



low energy 



Heterotic String ■ 



low energy 



D = II Supergravity 

di 

D = 10 Supergravity -\- SYM . 

In |43j , Horava and Witten carefully studied the map di and gave arguments on how to extend towards the 
strong coupling limit, i.e. going along i^^ and The result is a modification of the usual Green-Schwarz 
cancelation condition for G = Ex x Ex 



(3.12) 



-pi(M) - -p,{E) = 0. 
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The extension of this to the eleven-dimensional bulk, i.e. roughly towards the upper left corner of diagram 
(|3.1ip leads, by certain locality arguments, to the analogous condition to (|3.12p but now for the eleven- 
dimensional spacetime Y [87] 



(3.13) 



where, with an obvious abuse of notation, E in equation (|3.12p is the restriction of E in equation (|3.13p . 
From (|3.12p . (|3.13p . and proposition [T] we get 

Proposition 2. The anomaly cancelation condition in heterotic M-theory and the flux quantization condition 
in M-theory each define a twisted String structure on BO{^) — BO{jpi). 



3.3. Twisted fivebrane structures. In section [3?2] we interpreted the conditions on degree four classes in 
heterotic string theory and in M-theory as obstructions to twisted String structures. On the other hand, in 
|69j we showed that the dual fields give rise to Fivebrane structures, provided some additional terms are set 
to zero. In this section we show that these dual fields give rise to twisted Fivebrane structures. In doing so, 
we also remedy some of the caveats raised in [69] . 



We consider the obvious generalization of definition 13.31 to the Fivebrane case. Recall [G^ that we have 
^P2 '■ BString — > K(Z, 8) as the classifying map of the principal K{Z, 7)-bundle BFivebrane — > i?String, 
represented by the generator of iJ^(i?String, Z). 

Definition 3.4. A j3-twisted Fivebrane structure on a hrane l : M ^ X with String structure classifying 
map f : M ^ i3String(n) is a cocycle /3 : X — > K(Z, 8) and a homotopy rj: 



M ■ 



f 



(3.14) 




_BString(ri) 



6P2 



X 



The above definition reduces to the usual definition of untwisted String structure of a space M upon 
setting X to a point; setting P to zero follows from setting X to a point. 

Remarks. 

1. Two /3- twisted Fivebrane structures rj and 77' on M are called equivalent if there is a homotopy between 
rj and 77'. 

2. From the definition, given a String manifold M and a space X with a Fivebrane twisting : X ^ i4'(Z, 8), 
then M admits a /3-twisted Fivebrane structure if and only if there is a continuous map l : M ^ X such 
that 

(3.15) ip2(M)-h6*([/3])=0 
in H^{M,Z). 

3. If t* ([/?]) + ^P2{M) — 0, then the set of equivalence classes of /3-twisted Fivebrane structures on M are 
in one-to-one correspondence with elements in H'^{M, Z). 

3.3.1. A refinement for further divisibility of \p2- We first consider the case of heterotic string theory. We 
start at the level of differential forms and then refine to the integral case. The condition 

(3.16) dffa = \pi{F^) 

from the Green-Schwarz anomaly cancelation condition |38| in heterotic string theory on Af , in the absence 
of gauge bundles, i.e. for E the trivial vector bundle, says that ^pi{M) is exact. Since [dH^] = 0, this 
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implies that M lifts to i?String and the set of lifts is labeled by H^. Similarly, the condition 

(3.17) - ^P2{F^) 

appears in two theories: In type IIA string theory with String structure and trivial Ramond-Ramond fields, 
and in heterotic string theory with String structure and with a trivial gauge bundle. This condition (|3.17p . 
being a trviality condition on (M) , implies that M lifts to i?Fivebrane and the set of lifts is labeled by 
H^. What we are interested in is the case where the fractional Pontrjagin classes are not trivialized, but are 
rather shifted by a nontrivial class, which we interpret as a twist. 

Remark. The two equations (|3.16p and (|3.17[) can be thought of as expressions in differential integral 
cohomology, with H3 and Hj the differential cochains for the Neveu-Schwarz field and its dual, and ^pi{M) 
and jgP2 (M) the differential cocycles of the heterotic fivebrane magnetic charge and heterotic string electric 
charge, respectively. In fact, in the heterotic theory, the fields H3 and Hj should be thought of as being in 
differential K-theory for the heterotic string. 

Recall that in [HH] [S^ the classes encountered in the anomaly expressions do not involve quite the 
obstruction ^P2, but rather involve ■^P2- The extra division by 8 was explained in [69] . where it was 
interpreted as living in a space J- rather than on iJString and the corresponding maps were given. Here we 
change the notation suggestively and we label the space as follows: J^<«> = BString^ := B0{^p2}. Then 
we have the following definition. 

Definition 3.5. A (i-twisted J- '^^^ -structure is defined by a homotopy rj in the diagram 

(3.18) M 

X- ^K{Z,8) 

The obstruction in this case that would replace (|3.15p is given by the following. 

Observation 2. The condition for a twisted Fivebrane structure obtained by lifting an J-^^"^ structure is 
given by 

(3.19) lp2(M) + i*([/3]) = 0. 

Another description of the fractional classes. We will use the path space of the Eilenberg-MacLane 
spaces to provide an alternative, but related, description of the fractional obstructions. The path space 
PK^Ij, to) is a contractible space, and so it has trivial homotopy groups. Then, from the long exact sequence 
on homotopy of the path fibration 

(3.20) nK{Z, m) — > PK{Z, to) — > K{Z, to) 

we get that tt^-i {nK{Z, to)) ~ TTi{K{Z, to)), so that ilK{Z, m) is the Eilenberg-MacLane space K{Z,m — l). 
As in [52], denote, for to = mod 4, by Bd^m BO{m) the puUback of the fibration (|3.20p via a map (p ■ 
BO{m) — > K{Z,m) such that the induced map tt* : 7r„j (BO{m)) = Z — > 7r,„(A'(Z, to)) = Z is multiplication 
by d. This determines (j) up to homotopy. The long exact sequence on homotopy of the fibration 

(3.21) Bd,m ^BO{m) ^ if (Z, m) 

shows that the induced map 

(3.22) Z = 7r„(Brf,„0 {BO{m)) = Z 
is multiplication by d. 




Remarks 
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1. For the String structure, we have m — A. Then we have the diagram 

(3.23) Bd,A PK{Z,A)^ K{Z,3) 




K{Z,4) 



BO(4) 



Various fractions of the String structure correspond to various choices of d. In the examples we saw that 
d = 2 was special. 

2. For the Fivebrane structure, we have m = 8. Then we have the diagram 



(3.24) 




d,8 



■K{Z,7) 



BO{8} 



K{Z,l 



In the examples in this case, the value d — 8 play a special role. 



3.3.2. The dual Green- Schwarz anomaly and the dual M-theory C -field. We have defined (see section [2311]) 
the notion of twisted Fivebrane structures and J-^^'^ structures. In this section we show that such structures 
appear in String theory and M-theory and they are in fact conditions for cancelation of anomalies. We will 
consider the dual version of the Green-Schwarz mechanism and the dual field in M-theory. Note that one 
of the two main examples in \69\ was type IIA string theory. In that theory the one-loop term on a String 
manifold is given simply by -^P2, i-e. without a twist. Therefore, type IIA string theory does not need the 
twisted structure we define in this paper. 

Example III: The dual Green-Schwarz formula. We now consider ten-dimensional heterotic and type 
I string theories, whose low energy limit is type I supergravity theory coupled to super Yang-Mills theory 
with structure group Eg x Eg or Spin(32)/Z2. In |69j the main example of a Fivebrane structure came from 
the dual formulation [67] [37] of the Green-Schwarz anomaly cancelation mechanism [38], using the dual 
iJ- field Hj of "22]. The expression is given by 



(3.25) 



dHv = 27r 



ch^iFA) 



48"^ ' ^ ' 64"^^ 48' 

In order to define a Fivebrane structure, we assume we already have a String structure, so we require 
^Pi{TM) = 0. Then the expression p.25p becomes 



(3.26) 



dH7 ^ 27r 



chi[FA) - ^P2{F^) 



In [53] we had to find ways to get rid of the extra terms to isolate the non-decomposable terms. In the 
twisted formalism in this paper we see that the presence of such terms amounts to a part of the twist and 
that it does not matter how many terms we have as long as they have the same total degree and hence 
provide a map to K{Z^ 8). Indeed, if we can define 



(3.27) 

i.e. require factorization 
(3.28) 



-chi{E) : M- 



■K{Z,8) , 



M- 



then we can reinterpret expression (|3.26p as ^p2{TM) 
an exact form. 



0, since [dH-j] = 0, the cohomology class of 
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We discuss the validity of the map in (|3.27p . The Chern character is in general not an integral expression, 
but rather 

(3.29) ch : K°{X) ^^^^"(X; Q). 

One way out of this is to first define a rational version of the twist, for which the map in l|3.27p is replaced 
by a map from M to the rational Eilenberg-MacLane space 

(3.30) [/3] ~chi{E) : M ^ K{Q, 8), 

which gives that indeed chi{E) is in general in [M,K{Q,8)] = H^{M,Q). Hence 

Definition 3.6. A rational Fivebrane twist on M is a map from M to K{Q, 8), i.e. an element ofH^{M;Q). 

However, we can also give conditions under which the map in (j3.27p is valid. The degree four Chern 
character is given by 

(3.31) chi - ^ (ct - 4c2c2 + 4ciC3 + 2cl - Ac^) , 

The Chern classes are integral classes and so the Chern character is a priori integral up to a factor of 24. 

We describe this as follows. The Chern character is not integral in BU but it will be integral in some lift, 
say BU, of BU. Then we ask: when can we lift to this new space? This is given in terms of the following 
diagram 

(3.32) K{Z24,7) 



BU ^^^^^X(Z,8) 

/....■■■■■■ 

M ^ BU > i^(Z, 8) ^ X(Z24, 8) . 

The right-most factor K{'L2a, 8) represents the obstruction: there is a class k in H^{M; Z24) which measures 
this obstruction. The top-most factor i^(Z24,7) represents the different labeling of lifts / to the new space 
BU. If we take connected covers of BU rather than BU itself in the diagram, then we have that the space BU 
is isomorphic to another space in which ^04, instead of c/14, is integral. The relevance of the unitary groups 
here is because they provide the adjoint representation for our structure groups and this is the representation 
relevant for Yang-Mills theory. For Eg,, the adjoint representation is ad : £"§ ^ S'J7(248), so that the adjoint 
representation G = Eg x Eg is 

(3.33) (ad, ad) : Eg x Eg ^ SU{2A8) x SU{2A8) SU{A96) 

Note that the above general discussion can be simplified. For both structure groups Eg x Eg and 
Spin(32)/Z2 we have ci{E) = 0, so that in this case 

(3.34) chiiE) = ^ic2{E)^ - 2c4E)) 

We now consider two cases. First, that , in addition, C2{E) = 0. In this case, the formula for the Chern 
character ch^lE) further simplifies to 

(3.35) ch^iE) = -^C4{E). 

Here what we have really done is lifted the unitary group to its connected cover BU{8). Indeed let us 
consider the result from [75 where the mod p {p an odd prime) cohomology of the connective cover BU {2n) 
was calculated. From that result and the result of Stong [75^ for p — 2, the following divisibility result was 
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deduced for all primes p in [71]. Let G H^^{BU\ Z) be the universal Chern class in BU , then the Chern 
class r':^(ck) in BU {2n) where r„ : BU{2n) BU be the canonical projection is divisible by [75] 

(3.36) 

p 

where q is the least integer part of — — ^'*p^^^'' — — , with (jp (n) — '^ai the sum of the coefficients in the unique 
decomposition of the integer n a.s n ^ ao + Up + ■ ■ ■ + akp^ , with < p. Applying this result for n = 4, 
p = 2, 3, and using CT2(3) — 2, 173(3) = 1, we get that ^-4(04) is divisible by 

(3.37) 2^^ -3^^ =6. 

We will give an example where this occurs and where the expression p.35p is integral. 

Example. Consider a complex vector bundle E on the eight-sphere . For ten-manifold we can simply 
take X for example. The index of the Dirac operator on 5^ coupled to the vector bundle E is given by 

the evaluation of the twisted A-genus A{S^,E) := {ch{E) ■ A{S^)^ [S^] on the fundamental class [S^] of 

(3.38) IndexDB ^ (a{TS^) ■ ch{E)] ^ ch{E)[S\ 



as A{TS^) — 1, since spheres have stably trivial tangent bundles. Since 5^ is a Spin manifold, the index 
should be an integer. This then gives the requirement 

(3.39) chJE^lS"^] = -]:cAE)\S'^] e Z. 

6 

Recall that we have refined the Fivebrane structure and its twisted version to include the division by 8 in 
definition 13.51 Given equation p.l9p . the discussion leading to (|3.37p then proves the following 

Proposition 3. The right hand side of the formula for the dual Green-Schwarz anomaly cancelation condi- 
tion on a String 10-manifold M is the image in rational cohomology of the sum of integral classes representing 
the obstruction to defining a twisted Fivebrane structure, with the integral twist given by chi{E), the fourth 
Chern character of the gauge bundle E, which itself is lifted to BU{8). 

We can actually view the above result as providing a characterization of when the dual Green-Schwarz 
cocycle is integral. We have a sufficient result that this is so when the bundles are lifted from the String 
case to the Fivebrane case. 

In section [5] we will give a more complete result which takes into account the differential refinements we 
discussed in section [2] 

Remarks 3.7. 1. We can define complex- String and Fivebrane structures, as is implicitly done in [69], 
as the lifts of maps to BU{A) to maps to BU{8) and to BU (10), respectively. These can also be twisted 
leading to twisted complex- String and Fivebrane structures, in a similar way as in the real case. The 
twist in proposition\^ is an example of a twisted complex Fivebrane structure for the complex vector bundle 
corresponding to the gauge bundle. 

2. In proposition\^ and the discussion around it, we took the point of view that the natural bundle (i.e. the 
lift of the tangent bundle leading to Spin then String and so on) is the one that is being twisted by the gauge 
bundle. Of course we could have taken another point of view where the natural bundle acts as a twist for 
the corresponding gauge bundle. However, we prefer the first point of view here because the natural bundles 
seem to be, in a sense, more intrinsic and hence should come first in the order of giving structures. 



Description in terms of nonabelian cohomology. In what follows we put the above discussion in the 
context of the discussion of nonabelian cohomology of section[2j Later in section[5]we consider the differential 
case. 
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We consider bi-twisted cohomology in the sense of definition l5 . 1 1 with respect to the two fibration sequences 



B[/(10) 



BU{8) 



BFivebrane 



BString 



B String ■ 



J 



■B^Z 



EP2 



■B^Z 

and relate it to the condition known as the dual Green-Schwarz anomaly cancellation mechanism in dual 
magnetic heterotic string theory. Before proceeding, notice that above we have shown 

Lemma 3.8. The pullback of the cohomology class ^C4 : B[/ — > B^R to the universal 7-connected cover 
BC/(8} o/BC/ is integral: 

BC/(8) ^BC/ . 



B^Z- 



■B^Z 



Definition 3.9 (Gauge-twisted Fivebrane structure). On a space X let E E BC/) be a cocycle to be 

called the (class of the) gauge bundle which has a lift E S BJ7(8)). By lemma lSTR this implies that 

its class ^C4{E) is integral. Then in the sense of definition ?? and definition I5.il we say that the space 
of gauge twisted Fivehrane-structures 77 (X, BFivebrane) on X with gauge twist E is the BFivebrane^ - 
'BU {10) -bitwisted cohomology whose BU{lO)-twist is [ch4(i?)], i.e. the homotopy pullback 

[-^1 {X, BFivebrane) 




H{X, BFivebrane Xq^z B;7(10)) 



H{X, BString^ 



bP2 



H{X,BU{8)) 



H{X, B«Z) 



H{X,BU) 



H{X,B^ 



H{X, B^Z) 



H{X, BString) 

Definition 3.10 (Dual Grcen-Schwarz anomaly cancellation). For X an oriented space and E ^ X a 
complex vector bundle on X, the dual Green-Schwarz anomaly cancellation condition is the requirement that 
the following equation holds in (X, M) .■ 



^P2{X) ~ ch,{E) + ^p,{X)ch^{E) - ^PiiXr 



0. 



Proposition 4 (Dual Green-Schwarz and twisted Fivebrane-structure) . If X has a BStnng^ -structure and 
E has a complex String- structure in that we have lifts of classifying maps of bundles 



X 




BString^ (n) 



BSO(n) 



X 




BUi 



BU 



then the dual Green-Schwarz anomaly cancellation condition from definition \3.1tt is equivalent to the condition 
that X has an [E]-twisted Fivebraiie-structure lifting grx- 
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Proof. By the assumption of a String -structure the class ^pi{X) vanishes. Therefore the mixed terms 
Pi{X){- • ■ ) in the dual Green-Schwarz condition vanish. Similarly, using the assumption of complex String- 
structure one finds that ch4(i?) = ^C4{E) as in the discussion leading to equation (|3.37p . It follows that the 
dual Green-Schwarz condition says in this case that the outer diagram in 



X 




BFivebrane Xbsz BC/(10} 



J 



BU( 



BString- 



SP2 



commutes up to homotopy. By definition of BFivebrane Xbs^ BC/(10), this is the case precisely if gxx and 
(jE have a common lift given by the dashed morphism in the above diagram. This lift is by definition the 
[£']-twisted Fivebrane-structure lifting grx- Q 

Example II: The dual field in M-theory. Now we consider M-theory, via its low energy limit, namely 
eleven-dimensional supergravity. The M-theory C-field C3 is a degree three 'potential' whose curvature form 
is the degree four field strength G4. Its dual is obtained in the following way. The equation of motion for 
C3 is obtained from varying the action 



(3.40) 



G4 A *G4 + l:G4 A G4 A C3 
6 



/s AC3 



on an eleven-dimesional manifold Y to obtain 



(3.41) 



d*G4 = ^2^4 A G4 + h- 



p,(TY)~\C2p,{TY)Y 



Here 1% is the one-loop term [52] [31] given in terms of the Pontrjagin classes of the tangent bundle TY to Y 

(3.42) h - 43 

and * is the Hodge duality operator in eleven dimensions. 
The integral lift of (|3.4ip leads to a class defined in [28] 



\Gs 



Ga — /« 



(3.43) 



7A2 



P2 



48 



where A — ^pi , and a is the degree four class of an Eg. bundle coming from Witten's shifted quantization 
condition for G4 [57] 

(3.44) 



[G4 



a--p,. 



In f90' Witten interpreted the vanishing of a certain torsion class on the M-fivebrane worldvolume as 
a necessary condition for the decoupling of the fivebrane from the ambient space ( "the bulk"). Hence the 
vanishing of meant that the fivebrane can have a well-defined partition function. Consider the embedding 
b : W ^ Y oi the fivebrane with six-dimensional worldvolume W into eleven-dimensional spacetime Y . 
Consider the ten-dimensional unit sphere bundle tt : X W of W with fiber 5^ associated to the normal 
bundle N W oi the embedding l. Then it was shown in [28] that the integration of Gs over the fiber of 
X gives exactly the torsion class 9 on the fivebrane worldvolume 

(3.45) 9 = tt4Gs) e H\W;Z). 
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Therefore, the vanishing of Gg is a necessary condition for the existence of a non-zero partition function 28J. 

We now proceed with the interpretation. Since we have Fivebrane structures in mind, we assume that 
Y abeady admits a String structure, i.e. that ^pi{Y) = 0. Then, from (|3.43p we see that the class Gs{Y) 
simpHfies to 

(3.46) Gs{Y) = ia^ - j^P2{Y). 

The class a is an integral class of an Eg, bundle and hence defines a map to iV'(Z,4). Then the square of a 
defines a map to KCZ, 8), and hence defines a twist for us. As we also have the class ■^P2, then we have a 
twist for the modified fivebrane structure. Thus we have the following. 

Proposition 5. The integral class in M-theory dual to G4 defines an obstruction to a twisted Fivebrane 
structure lifted from an J-^^^ -structure. 

This is the obstruction to having a well-defined partition function for the M-fivebrane. 

Necessity of the Fivebrane condition? The Fivebrane condition is stronger than simply the requirement 
that the one-loop term /§ to vanish. For the former we require the obstructions ipi and vanish separately, 
whereas for the latter we only require the combination to vanish. This has been studied in [46j [45j [85] . For 
instance, following |85| , a Riemannian 8-dimensional spin manifold is said to be doubly super symmetric if 
and only if the tangent bundle TM^ and the spinor bundles A+Af* and A_M^ are associated with a principal 
G-fiber bundle such that there exist G-invariant isomorphisms between any two of the three bundles , i.e. 
TM^ = A+M® = A_M^. If is doubly supersymmetric, 

(3.47) wi = W2 = 0, e = 0, 4p2 = pI , 

where e is the Euler class. Then this implies for the signature sgn(M^) — 16 A[M^]. In particular, sgn{M^) = 
mod 16. One example is PS't/(3)-structure for which 

(3.48) = / 4), wj^O 

(3.49) e = 0, pI=^P2- 
In particular, all Stiefel- Whitney numbers vanish. 

A second example is a differentiable 8-fold with an odd topological generalized Spin(7)-structure for 
which 

(3.50) xiM"^) = 0, PiiM^ - 4p2(Af^) = 0. 

The 7-sphere admits a Spin structure and therefore admits a generalized G2-structure. The tangent bundle of 
the 8-sphere is stably trivial and therefore all the Pontrjagin classes vanish. Since the Euler class is non-trivial, 
there exists no generalized 5pm(7)-structure on an 8-sphere. However, equation (|3.50p is automatically 
satisfied for manifolds of the form — x N'' with N'' Spin. 

(Twisted) Fivebrane cobordism. Recall that Spin cobordism fij^'" — ili'*^ refers to cobordism of spaces 
equipped with Spin structure and String cobordism fi^*"^'"^ = fl^^'^ refers to cobordism of spaces equipped 
with a String structure. For spaces X with Fivebrane structure we can also define Fivebrane cobordism 
j^Fivebranej-j^-j _ fi^^'^ (^x) in a similar manner. Given a manifold X with a twisting P : X if (Z, 8), one can 
form a cobordism category, in analogy to the String case [53] , called the /3-twisted Fivebrane cobordism over 
{X,(3), whose objects are compact smooth String manifolds over X with a /3-twisted Fivebrane structure. 
We call the corresponding cobordism group fif /3) the (3-twisted Fivebrane cobordism group of X. 

4. Loo-CONNECTIONS 

Before passing from the topological twisted structures in the previous section to their differential refine- 
ments in the next secion, it is worthwhile to introduce, review and discuss some of the 00-Lie algebraic 
structures that appear in the description of the respective Loo-algebra valued differential form connection 
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data. The standard discussion of connections and curvatures is in terms of the Lie algebra of the structure 
group, e.g. SO(n) and Spin(n). But String(n) and Fivebrane(n) cannot be reahzed as Lie groups (certainly 
not as finite dimensional ones and no ordinary infinite dimensional model is known), such realizations for 
connected covers are not available. However, as defined homotopy theoretically, they do have a natural in- 
carnation as smooth oo-groupoids |401[9] and have corresponding Loo-algebras, which is adequate for defining 
generalizations of connections and curvatures. We ended section [2] by indicating a derivation and recalling 
the definition of the Cartan-Ehresmann cx)-connections introduced in [SS] that do achieve this. 

After recalling or introducing details of Loo-algebroids and ioo-connections, we introduce the Loo-algebraic 
analogs of the constructions in section [2?2l representations of Loo-algebras and associated Loo-connections. 
Following the discussion of the relation between sections of associated bundles and twisted cohomology 
at the end of section 12.21 this will provide a useful supplementary perspective on the constructions and 
computations in section [5] below. 

4.1. Revievif of Loo-algebras. The tools we employ are varied, so we provide in this section a review of the 
essential Loo-algebra notions that we need. All Loo-algebras will be of finite type, i.e. finite-dimensional in 
each degree. By "quasi- free" DGCAs we mean those that are free as GCAs (Graded Commutative Algebras). 

4.1.1. Laa-algebras and Lao-algebroids. Lie algebras are defined as structures on vector spaces and Loo- 
algebras as structures on graded vector spaces. Both generalize to modules over commutative algebras, for 
example, over A := C°°{X), the algebra of smooth functions over a manifold X. These modules are called 
Lie algebroids and Loo-algebroids. 

Remark. Grading conventions can be a nuisance when dealing with differential graded algebras. Here 
we shall take the grading convention of the de Rham complex as fundamental and choose our conventions 
such that the Chevalley-Eilenberg algebra of the tangent Lie algebroid TX of a smooth space X coincides 
with the de Rham complex CE(TA') = il*{X) with the correct grading. This implies that Chevalley- 
Eilenberg algebras of general Loo-algebroids over C°°{X) are taken to be N-graded and hence the Loo-algebras 
themselves which are dual to them are taken to be Z-graded and concentrated in non-positive degree. To 
make the pattern more obvious, we will say that a Z-graded complex concentrated in non-positive degree is 
-N-graded. 

Definition 4.1. A (degreewise finite rank) Loo-algebroid {X,g) is a smooth space X and a —N-graded 
cochain complex g of degreewise finite rank A := {X)-modules together with a degree +1 derivation 



linear over the ground field ( not necessarily over A) on the free ( over A ) graded- symmetric algebra generated 
from the N-graded dual g* ( over A), such that d^ = 0. The quasi-free (over A) differential graded- commutative 
algebra 



defined this way we call the Chevalley-Eilenberg algebra of the Loo-algebroid [A^q). 

Remark 4.2. ('types of Loo-algebroids). We have the following special cases: 

• For X = pt and q concentrated in degree we have CE(g) — (A*0, dg) where A*g is the Grassmann 
algebra on the vector space Q in degree 1 and dg is the Chevalley-Eilenberg differential uniquely 
corresponding to the structure of a Lie algebra on g. 

• For X = pt and Q in arbitrary (non-positive) degree we have an arbitrary Loo-algebra (of finite type). 

• For arbitrary X and g concentrated in degree (being finitely generated and projective as a module 
over C°°{X)) this is equivalent to the usual definition of Lie algebroids as vector bundles E ^ X 
with anchor map [59^ p : E ^ TX: we have g = r(£') and the anchor is encoded as rfg|c°°(X) • / ^ 



(4.1) 



d : A^g* A^g* 



(4.2) 



CE^(g) (A^g*,d) 
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• If Q is concentrated in degrees through ~{n — 1), then we speak of a Lie n-algebra, (for instance 
the Lie 2-algebras in [8J or the various Lie n-algehras in |68| . 

• //X = pt and d = c?g : 0* © g* — > g* Ag*, then q is a dg-Lie algebra with the component g* —>■ g* the 
dual to the differential on the chain complex underlying g and the component g* — > g* A g* the dual 
of the Lie bracket. 

More generally, if A is any commutative associative algebra, we may speak of an oo- Lie- Rinehart algebra 
|65j [44j which we may think of as an oo-Lie algebroid over a noncommutative base space. This case will 
however not concern us here. 

4.1.2. Loo-algebra valued differential forms and twisting forms. Recall, for instance from |68] and following 
H. Cartan ^4l for ordinary Lie algebras, that, for g any Loo-algebra, differential form data on a space X 
with values in g is a GCA morphism [not necessarily respecting the differentials) from CE(g) into forms on 
X: 

(4.3) n'{X,e) :=HomGCA(CE(g),ri'(X)). 

Later we wish to work entirely within homomorphisms of differential graded algebras. This is accom- 
plished by passing from the Chevallcy-Eilcnberg algebra CE(g) to the Weil algebra W(g), which can be 
defined as the DGCA which is universal with the property that g) is isomorphic, up to homotopy, to 

HomDGCA(W(g), r2*(X)). More constructively, over the point, 

Definition 4.3. W^(g) :~ (A'g* A*sg*,D), where s denotes shift in degree by 1 and where D is given on 
generators by 

-C|g*®sB' dcE (g) 1 + s o dcE o + s. . 

Remark 4.4. The Weil algebra can also be regarded as the Chevalley-Eilenberg algebra CE(g ® sg), the 
semidirect product of g with its adjoint action on sg with trivial Loo-structure and s as internal differential. 
We come back to that in a moment when we discuss representations of oo-Lie algebroids. 



The space of GCA homomorphisms is a subspace of the space of linear maps of graded vector spaces from 
CE(g) to ri'(g) and, since CE(g) is freely generated as a GGA and of finite type, this is isomorphic to the 
space of grading preserving homomorphisms 

(4.4) Homvcct[z](0*,f^'(^)) 

of linear grading- preserving maps from the graded vector space g* of dual generators to Q'{X), with g* still 
regarded as being in positive degree. By the usual relation in Vect[Z] for g of finite type, this is isomorphic 
to the space of elements of total degree degree 1 in forms tensored with g: 

(4.5) n%X,g)^iQ'{X)®g)o. 
(Recall that g is — N-graded, i.e. in non-positive degree by definition.) 

If instead we consider the corresponding DGCA homomorphisms from CE(g) into forms, we find that 
respecting the differentials implies having what we can call fiat ioo-algebra valued forms 

(4.6) ^Lt{X,g) HomDGCA(CE(g),r!'(X)). 
The inclusion 

(4.7) ni^,{X, g) = HomDGCA(CE(g), n'(X)) C f7'(X) ® g 

realizes flat Loo-algebra valued forms as elements A G ft'{X) g of forms of total degree with the special 
property that they satisfy a flatness constraint of the form 

(4.8) dA + dA+[AAA] + [AAAAA]-\---- = 0, 
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where d and A are the operations in A E n'{X) ® and where [•,•,•■•] are the n-ary brackets in the Loo- 
algebra and d is the differential in the chain complex g. For g a dg-Lie algebra, only the binary bracket is 
present and A is an ordinary Maurer-Cartan element: 

(4.9) DA+[AaA]^0 , 
where D ~ d + d. 

This equation of course has a long and honorable history in various guises. When the algebra is that of 
differential forms on a Lie group, it is called the Maurer-Cartan equation. In deformation theory, it is the 
integrability equation. In mathematical physics, especially in the Batalin-Vilkovisky formalism, it is known 
as the Master Equation. At present, the name Maurer-Cartan equation seems to have taken over in all these 
disciplines. 

Remark 4.5. There is an obvious well-known generalization of the above where the DGCA D,'{X) is replaced 
by any other DCCA (A, d^i). Then by the above reasoning DCCA homomorphisms 

(4.10) {A.dA)^ CE(0) 

correspond to certain "flat" elements t of degree 1 in the tensor product t G A ® q, where the flatness 
condition is again 

(4.11) dAT + dgT + [t ^T]^ — . 

5*66 for instance definition 3.1 in [39]. This provides an example of a twisted tensor product: 

(4.12) (^(8)0, ® 1 + 1 ® dj, + tA) , 

the untwisted differential d being d/i ® 1 + 1 (g) d^. The twist provided by t can be considered as a twisting 
cochain t : C L where C is a dg coalgebra such that A := IIom(C, C) is the dg algebra dual to C. 
Without assuming flatness, a similar element in A®q is what K. T. Chen calls a connection |25| . Chen 
saw that his condition for flatness becomes that of a twisting cochain. For our purposes (see section \4-2\ l, 
particularly important examples are given by extensions of Lie algebras by abelian Lie algebras and their 
Chevalley-Eilenberg complexes. There the twisted differential dg^ can be written as dg (8) 1 + fJ^db. 

4.1.3. Loo-algebra connections. The definition of Loo-algebraic connections from [68j is a generalization of 
ordinary connections on ordinary principal bundles as follows. For g a Lie algebra of a Lie group G and 
IT : P X a, principal G-bundle, an Ehresmann connection on P is a g- valued 1-form on P, A G n^{P,g, ) 
which satisfies two conditions: 

(1) First Ehresmann condition: A restricts to the canonical flat g-valued 1-form on the fibers. 

(2) Second Ehresmann condition: A is equivariant with respect to the G-action on P. 

H. Cartan observed that this could be expressed in terms of a morphism of graded-commutative algebras on 
which there is the action of a Lie group (though only the action of the Lie algebra g is necessary). For each 
vector X e g, there are derivations called 'infinitesimal transformation' >C(x) (today usually known as the Lie 
derivative) and 'interior product' i{x) satisfying the relations: 

(1) £ is a Lie morphism 

(2) i{[x,y]=/:{x)i{y)~t{y)C{x) 

(3) C{x) = i(x)d + di(x) 

A Cartan connection 51' (P) -^-^ — CIE(g) is then defined as respecting the operations i{x) and C{x) for all 
X € Q, but not necessarily respecting d. In formulas, for x € g and a e CE(g) 

(1) First Cartan-Ehresmann condition: i(x)A(a) — A{i{x:)a) 

(2) Second Cartan-Ehresmann condition: C{x)A{a) ~ A{C{x)a). 

If we extend A to a morphism not just of graded-commutative algebras, but to a morphism of differential 

graded commutative algebras il*(P)-s W(g) , then we can express these two conditions in terms of 

diagrams as follows. Let f2'j,j.j(P) denote the quotient of ^'{P) by the image 'k*^'{X). 
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The first Cartan-Ehresmann condition says that the foUowing square of DGCA morphisms commutes 



(4.13) 



n'{p)^A—w{Q). 



The relevance of the second Cartan condition is that it ensures that plugging the curvature of the 1-form 
A into an invariant polynomial of the Lie algebra yields a basic form on P which comes from pulling back a 
form on X. This is equivalent to saying that the following square of DGCA morphisms commutes: 



(4.14) 



■W(0) 



inv(0). 



Here {Pi} denotes the set of images in il*{X) of the generators of the algebra inv(0) of invariant polynomials: 
the diagram says that these are, under the Chern-Weil homomorphism, the characteristic forms obtained 
from the curvature Fa of the connection form A corresponding to the indecomposable invariant polynomials 
on g. 

The advantage of these two diagrams is that they have an immediate generalization from Lie algebras to 
arbitrary Loo-algebras, which is the content of the following definition. In particular, the second diagram 
allows us to generalize characteristic forms of Loo-algebra valued forms without having to deal with equiv- 
ariance on total spaces of higher bundles, which is a delicate issue: in this approach equivariance is not 
mentioned but instead the crucial consequence of equivariance, the descent of characteristic forms down to 
a base space, is encoded in a definition. 

Definition 4.6 (Loo Cartan-Ehresmann connection [B5]). For g the Lao-algebra of an oo-group G, for 
TT : P — > X a G-principal oo-bundle, we say that a pair of commutative diagrams 



(4.15) 



CE(0) 



r!'(P)^^w(fl) 



n*{x) 



{P^} 



inv(0) 



is a Cartan-Ehresmann oo- connection on P. 



The invariant polynomials on q are invariant with respect to the adjoint Loo-action of g on itself, 
we just say "g-connection" or even just "connection" for such objects. 



Oftc 



4.2. String-like Lie n-algebras. The main applications of our general theory are specific examples of Loo- 
algebras: the String Lie 2-algebra and its generalization to higher String- like extensions, especially the 
Fivebrane Lie 6-algebra considered in [68l [69| ■ There is a straightforward generalization of the String algebra 
in which /i is of arbitrary odd degree. The String-like extensions were originally considered in . In terms 
of the DGCA language of definition 14. II thev read as follows: 

Definition 4.7 (String-like extensions). For q an ordinary Lie algebra and fi a Lie algebra cocycle of degree 
{n + 1), the String-like extension g^ is the Lie n-algebra determined by its Chevalley-Eilenberg algebra as 



(4.16) 



CE(g^) := A-( 



{b) )jrf|B* =dg,db = fi 
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In particular, for g a semisimple Lie algebra with invariant bilinear form (•, •) and fi^ a multiple of its 
canonical 3-cocycle, fi^ = (■, [•, •]), we call g^g the String Lie 2-algebra of g. Furthermore, for g = so(n) we 
have the 3-cocycle fi^ and 7-cocycle /17. We call (g^;,);^-, the Fivebrane Lie 6-algehra. This will be used in 
section 13.31 
Remarks. 

1. This is a shifted central extension of Loo-algebras ^ Q^i, ^ Q ■ 

2. The differential da is a twisted differential 



(4.17) dfl, =rf8+A'A 



d_ 

db 

of the kind which we will interpret in terms of twisting cochains in section ?? and, essentially equivalently, 
in terms of representations of Loo-algebras as described in proposition [7] below. 

3. The finite dimensional but weak Lie 2-algebra g^,3 is equivalent [9 to the strict but infinite-dimensional 
Lie 2-algebra (fig Pq). 

4. integrates in various ways to the String Lie 2-group as discussed specifically in [9l HQI [70] 

Topologically, using rational homotopy theory, one can interpret the qDGCAs with which we are dealing, 
as models for the DGCA of differential forms on certain spaces. Recall the following basic facts from rational 
homotopy theory: 

• In general, the cohomology of a given qDGCA represents the real cohomology of a space. If the 
given qDGCA is minimal, i.e. if there are no linear terms in the differential, then the homology of 
the space of generators is isomorphic to the dual IIom(7r*,R) of the homotopy groups of the space. 
A generator of degree n represents a basis element of 7r„ ® R. 

• For 2n+l odd, the DGCA CE{b^"u{l)) = (A'( {b) ),d = 0) represents the 2n + 1-sphere S^"+'^, 

n 

whose only non-torsion homotopy group is 7r2n+i('S'^""'"^). 

• For 2n even, the DGCA CE(62"-iu(l)) = (A*( (b) ),d = 0) represents not the 2n-sphere 5^", but 

n 

the loop space, 515'^"+^ whose only non-torsion homotopy group is 7r2„(ri5^"+^). 

• The 2n-sphere 5^" is instead represented by the DGCA (A*( (b) © (c) ), d6 = , dc = 6 A 6), where 

2n An-1 

the second generator c is such that it trivializes the unwanted cocycles 6A6, bAbAb etc, so that the 
only remaining nontrivial cocycle is b itself. Notice that indeed for 2n, the non-torsion homotopy 
groups of the 27i-sphere are 7r2„(S'^") and 7r4„_i(S'^"). 
Thus the string-like extension g^ can be realized in terms of the differential forms of a fibration 

(4.18) nS^'"'+^ -^G^G 

where g is the Lie algebra of the semisimple Lie group G. Moreover, at least up to homotopy, this can also 
be realized as a fibration 



(4.19) G^G 



y2n+l 



In fact, in the sense of real or rational homotopy, G has the homotopy type of a product of odd dimensional 
spheres. Since /i is indecomposable, it is represented by one of the spheres; in other words, this second 
fibration splits and we have: 

Proposition 6. For q a semisimple Lie algebra, the cohomology o/CE(g^) is that o/CE(g) modulo the class 
of n: 

(4.20) i/'(CE(0j)^if'(CE(fl))/M. 
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Furthermore, we can handle such cycles together. For example, for g = 5o{n) we have the 3-cocycle /X3 
and 7-cocycle /iy. We call {2^,3)1-17 the Fivebrane Lie 6-algehra. This will be used in section [ 



4.3. Associated Loo-connections. To discuss the twisted structures that are of use to us in the context 
of Loo-connections, we need the following concepts in addition to the material covered in [68 and reviewed 
in section |4T1 



4.3.1. Loo-algebra representations on cochain complexes. 

Remark 4.8. Cochain complexes in non-positive degree are sometimes referred to as 00-vector spaces. 

Definition 4.9 (representations of Loo-algebroids). A representation of an Loo-olgebroid {A, g) on a cochain 
complex V of finite rank A-modules is an Loo-algebroid (A, g, V)p whose Chevalley-Eilenberg algebra CEp(g, V) 
is an extension of CE(g) by A\V* 

(4.21) A\V*^ CE^,p(g,y)-^ 5CE^(g) 



where CEp(g, V) = (A^(g* ®V*),d). 
This means that the differential is 

d\g, = dg 

(4.22) d\v = dv + dp, 
where 

(4.23) dp-.V* -^2* /\A{AA{e*®V*)) 
encodes the action of g on V. 

Remarks. 

1. In roughly this latter form, the definition appears in |17) . where it is called a superconnection. Indeed, 
in cases where the Loo-algebroid in question is similar to a tangent Lie algebroid of some space, its repre- 
sentations behave like (flat) connections on that space. Of more relevance to our present purposes are the 
representations of Loo-algebras in full generality. In the work of [1] for the special case of 1-Lie algebroids 
such representations are called representations up to homotopy. There is a related notion of representations 
up to strong homotopy, referring to a coherent set of higher homtopies. 

2. Notice that the definition can also be phrased as follows. An Loo-algebroid (A,g, V)p is an Loo-algebroid 
{A, Q (BV) of a special form: V is an abelian subalgebroid and an ideal and {A, g) is an Loo-subalgebroid, 
just as not all ordinary Lie algebra structures on q(BV come from y as a representation of g. 

3. One might expect that a representation of an Loo-algebra g should be an Loo morphism to an Loo-algebra 
end(y) of endomorphisms of the complex V. In fact, for V an ordinary (or graded or differential graded) 
vector space, end{V) is an ordinary (respectively graded or differential graded) Lie algebra. For V a cochain 
complex, there is the definition of Loo-actions - sh-representations [77] - by Lada and Markl [54] in coalgebra 
language. The above definition captures that but retains the DGCA perspective on representations. 

The following example shows that that ordinary Lie algebra representations are a special case of definition 



Example: ordinary Lie representations. Let g be a Lie algebra with basis {ta} and dual basis { } 

dcg=+l 

of g*. Let y be a vector space with basis {vi} and let p : g ® F — > V be an ordinary Lie representation of g 
on V with components {p^ja}- Then 

(4.24) CEp(g,l/) = (A'(g*©l/*),dp) 
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with the differential given by the dual of the representation map dp\v' p* is the corresponding qDGCA. 
In terms of components relative to the chosen basis this reads 

(4.25) dp-.Vi^p'iaVjM" 

This is nothing but the standard Chevalley-Eilenberg complex of the g-module V, but expressed in terms of 
bases. It can be regarded as a DGCA instead of just as a complex by thinking of y as a trivial/ Abelian Lie 
algebra. 

Representation in terms of Lie algebras of endomorphisms. 

Let y be a finite-dimensional vector space and end(l/) its Lie algebra of endomorphisms. Then a repre- 
sentation is a linear map p : q®V —*V which satisfies 

(4.26) p{[X, Y]) = p{X) o p{Y) ± p{Y) o p{X) 

for X, y £ g. To see how this is a special case of the above general definition, choose a basis {vi\ of V 
inducing a basis of end(y) is {wi-' } with dual basis { cij'j } and Chevalley-Eilenberg differential 

dcg=l 

(4.27) duj^j = - ^ uj\ A uj^j . 

k 

Given any Loo-algebra g with basis { j ^ ^ nrorphism p : g ^ end(y) is a DGCA morphism 

dcg— 1 dcg>l 

p* : CE(end(y)) CE(g) given on basis elements by p* : lo^ j p^jat"" and satisfying 

(4.28) pV(rf0^") = ~P''fe^.pV'A^^ 

It can be directly checked that the data encoded in p* is equivalent to the twisted differential on A*{V* ©g*) 
given by dp : i— > p''jaV-' A i° since its nilpotency requires that 

(4.29) dpdp : >-> p^bp^ci" At'' + p' ,a (dgt") , 
which vanishes by (|4.28p . 

The adjoint representation. For g any Loo-algebra, there is a representation of g on itself given by the 
adjoint representation. 

Definition 4.10 (adjoint representation for Loo-algebras). Let g he any Lao-algebra so that, by our conven- 
tions g* is concentrated in positive degree. Let Vg be the underlying cochain complex of g shifted down by 
one such that it is concentrated in non-positive degree. 

(4.30) CEp.,,(g,g):=(A*(g*©l^;),dp) 

with dp\v* — <y~^ odgoa, where a : V* — > g* is the canonical isomorphism of cochain complexes which shifts 
degrees up by one, cr^^ is its inverse and both are extended as graded derivations to A*(g* Vg)- 

One checks that (dp)'^ = by noticing that while a and a^^ are not inverses as graded derivations, they 
satisfy a o cr""'^ | a"b* — nld. 

Remarks 4.11. 1. In terms of higher brackets as in I 54j the adjoint representation is given by 

(4.31) p: Xi^---Xn®Y ^[Xi,--- ,Xn,Y] 
for A"i, i = 1, • • • , n and Y in g. 

2. Notice that the construction of the adjoint representation of the Lao-algebra g essentially analogous to the 
construction of the Weil algebra W(g), only that here the shift operation is down in degree, where for the 
Weil algebra it goes up in degree. 
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Example: ordinary adjoint representation. Let g be an ordinary Lie algebra with basis {ta} and 
structure constants {C^bc}- Write { } for the corresponding dual basis elements and { x" } for the 

dog=+l dog=0 

corresponding basis elements of V^*. Then we have dpx" = cr^^(dgt°) = a^^{-^C'^bct'' A — C'^bct^x'^- 

Definition 4.12 (extended standard representation of 6^*^11(1)). Define the extended representation by its 
CE-algehra as 



I 



\ 



(4.32) 

with d : V2kr '^ikir-i) A h and d : h ^ 



CEp(fe2'=u(l),0M[2fcr]) I A* {v2rk) ® (h) \ ,d 

\ ' deg=2rfe dog=2fe+l/ / 



Notice that also the "twisted" Chevalley-Eilenberg algebras arising from the String-like extensions in 
definition 14.71 involve examples of representations: 

Proposition 7. CE(g^) from definition |^.7| is a representation of q on the shifted 1-dimensional vector 
space R[n\ such that 

(4.33) {A'{b),d = 0) CE(gp) = (A*(g* ® {b),d) CE(0) . 

Proof. This obviously satisfies the axioms of a representation. □ 

Remark 4.13. This is of course just another way of saying that is entirely governed by the Lie algebra 
cocycle fi. It is well known from the theory of higher groups that such cocycles can be regarded as higher 
representations on shifted vector spaces (see and references within). 

4.3.2. Sections, covariant derivatives, and morphisms of L 00 -connections. Here we give the Loo-algebraic 
version of the constructions in section 

Definition 4.14 (sections and covariant derivatives). Let 2 be o,n Lac-algebra, let (p, g, V) be a representation 
of Q and consider the principal Q-Cartan-Ehresmann 00- connection \4-.15^ . Then a section of the p-associated 
connection is an extension of this diagram through the extension defining the representation in that it is a 
choice of the dotted arrows in 

CEp(0,F) 

(s,/lvort) 

^leAP)^ 

Wp(0,y) 

(s,VasXFa) 

n'{p) ^ —(a,fa) — w(0) 

invp(g,y) 






inv(0) 
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Here 

• s is the section itself, the image of V in il* (Y) . 

JIM: words missing? how can a section be the image? what is Y? 

• Vas is its covariant derivative. 

Example: ordinary vector bundles. Let g be an ordinary Lie algebra with Lie group G, let 1^ be a 
vector space (a chain complex concentrated in degree 0) and p an ordinary representation of g on V, let 
y := P a principal G-bundle and {A, Fa) an ordinary Cartan-Ehresmann connection on P. Then the dotted 
morphism in 

(4.34) CEp{g,V) 

(s,/iv;;t) 

KcApI^ -^^ve... CE(g) 

is dual to a ^-valued function on the total space of the bundle (not on base space!) s : P — *■ which is 
covariantly constant along the fibers in that the covariant derivative 

(4.35) Vas := ds+{po A)s 

vanishes when evaluated on vertical vectors, where {p o A)s denotes the action of A on the section s using 
the representation p. This means that s descends to a section of the associated vector bundle P XqV. The 
covariant derivative 1-form Was of the section s is one component of the extension in the middle part of our 
diagram 

(4.36) Wp(B,y) 

a" 

f2*(P) ^ A.ert W(0) 

The equation 

(4.37) VaVas= (poPa) As 

is the Bianchi identity for Vas. If s is everywhere non-vanishing, this says that the curvature Fa of our 
bundle is covariantly exact on P. In the case that g — u(l) it follows that Fa is an exact 2-form on P and 
the choice of the non-vanishing section amounts to a trivialization of the bundle. 

Opposite Loo-algebras. We would like to describe morphisms of Loo-connections following the description 
of morphisms between vector bundles Ei — > E2 in terms of a section of the tensor product bundle E* (g) £2- 
If El is a G-associatcd bundle and E2 a G"-associated bundle, then E* ® E2 is a G°p x G"-associated bundle, 
for G°P the group G equipped with the opposite product gi -op 92 = 92 ■ 9i- On the level of Lie algebras 
passing to the opposite corresponds to change the Lie bracket by a sign. The following definition generalizes 
this from Lie algebras to Loo-algebras. 

Definition 4.15 (opposite Loo-algebra). For g any Loo-algehra with Chevalley-Eilenberg algebra CE(g) = 
(A*g*, dg) we define the opposite Loc-algehra g°P to have the same underlying vector space CE(g) = (A*g*, dgop) 
hut the differential of the Chevalley-Eileneberg algebra is dgop := (— l)^+^odg, where N is the operator which 
counts word length in the free graded algebra A*q* . 

This implies that the structure constants of g°P are those of g equipped with a sign if they have an even 
number of input arguments. There is a canonical morphism of Loo-algebras (hence of their CE DGCAs) 
CE(g) ^ CE(g°P) , which sends each generator to its negative. 

Definition 4.16. We say a morphism from a Qi-connection to a Q2-connection is a representation p of 
fli"^ ® 02 and a section of the g'^ ® g2-connection canonically induced by the given gi-connection and 02- 
connection. 
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Example 4.17. ; Morphisms of 6" ^u(l)-connections and related physics. Let Qi — Q2 ~ b'^^^ 

The standard representation 0/ 6'-"~^-'"'^' naturally extends to a representation 0/ 6'"~"'^^u(l) © 6("~^-'u(1)°p. 
Let a he the shift operator which shifts the degree up by 1. The Weil-algebra Wp(6"~-'^u(l), V) ofWp{b"~^u{l), V) 
looks as follows: 

(4.38) Wpih''-^u{l),V)^iA'i(jJo)^(B(^(B (jJ^ ,d)) 

dcg— dcg— 1 dcg— n— 1 dcg— ?i dcg— n dcg— n+1 

with 

dvo = O-Vn-1 

davQ = 
dvn~i = vo Ah + avn-i 

(4.39) davn-i = — crwo A h — vq A ah . 

The above standard representation o/fe"^^u(l) has a straightforward generalization for the case that n is odd. 
The case n even does not occur because the differentials do not square to zero. The connection itself is 

(4.40) n'{P)J^^^^^^^^^^ iy(6"-iu(l)°P®6"-iu(l)) , 

given by forms Hi,H2 G 51" (P) being the images of the generator ^^b^ and dHi,dH2 G 51"+^ (P) the images 

dcg— n 

of the generator ; for 6"^^u(l) and its opposite, respectively. As we extend this morphism through 

dcg— n+l 

the twisted DGCA of the standard representation definition ?? 
(4.41) 




n'{P) ^ {A^,FA^)-{A^,FA^m{Q^ ® 52) 

we pick up forms which are the images of the other generators appearing in equations {4^.39^ : 

vo ^ so e r!°(P) 
avo ^ dso £ fl^{P) 

(4.42) crvn-i ^ Vct„_i := ds^-i + sq A {H2 - Hi) . 

For instance, in the case of the Green-Schwarz mechanism we have the two 62u(l) Ch ern-Simons 3- 
connections as described in |68j with 3-form connections Hi = CS{uj^i,{n)) '^^'^ H2 = CS(^e8)- above 
section of the difference of these two connections then is to be interpreted itself a twisted 2-connection with 
connection 2-form 02 o.'n.d curvature 3-form H3 := V(T2 which satisfies the twisted Bianchi identity 

(4.43) dH3 = {F^AF^)- {Fa A Fa) . 
This, and its magnetic dual version, is discussed in more detail below 



Another example is given by the degree two F2 and the degree zero component Fo of the Ramond-Ramond 
(RR) fields in type IIA string theory. Consider the case n = 3 so that gi = g2 = b^u{l). The curvature F2 
is twisted by the Neveu-Schwarz field H3 

(4.44) dF2 + iJg A Fo - 0, 

where Fq, also known as the cosniological constant in this theory satisfies dFo — 0. We thus have the 
identification of 0^2 with F2 and ctq with Fq. Equation (|4.44p then says that F2 is covariantly constant with 
respect to V. 
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4.3.3. Twisted Lq^- connections. Let g be some Lo^-algebra. In [68] we had discussed that the obstruction 
to Ufting a g-connection (see definition 14. ISp through a String- hke central extension 

(4.45) &"-iu(l) -^9^ ^0^0 

is the 6"u(l)-connection obtained by canonicaUy completing this diagram to the right as shown in figure [3] 
The obstruction is given by starting from the top-rightmost entry in the big square in figure[3]and continuing 
all the way horizontally to the left. 



ordinary 
g-connection 



ordinary 
0-connection 



ordinary 
g-conncction 



Q'iP) 



(A.Fa) 



CE(g) 



twisted 
hft to 
gu-connection 



obstructing 
5"u(l)-connection 



twisted 
g^i-connection 



twisting 
6"u(l)-connection 



twisted 
-connection 



CE(6" 



^u(l) 



0m) 



W(g) 



■W(&"-iu(l) -^g, 



{A} 



inv(g) 



inv(6"-iu(l) g^) 



magnetic 
charge 



CE(fo"u(l)) 



CE(6"u(l)) 



■inv(6"u(l)) 



obstruction 
interpretat ion 



twisting 
interpretation 



charge 
interpretation 



Cartan-Ehresmann 
L^-connection 



Figure 3. Obstructing 6"u(l) (n + l)-connections and "twisted" g^ n-connections 

are two aspects of the same mechanism: the (n-l-l)-connection is the obstruction to "untwist- 
ing" the n-connection. The n-connection is "twisted by" the {n-\- l)-connection. There may 
be many non-equivalent twisted n-connections corresponding to the same twisting (n -1-1)- 
connections. We can understand these as forming a collection of n-sections of the (n + 1)- 
connection. 



The construction crucially involves first forming the lift of the g-connection to a (6"~^u(l) ^ g^)- 
connection, where (fo"^^u(l) ^ g^) is the "weak cokernel" or "homotopy quotient" of the injection of 
6"""'^u(l) into g^. This lift through the homotopy quotient always exists, since the homotopy quotient is in 
fact equivalent to just g. But performing the lift to the homotopy quotient also extracts the failure of the 
underlying attempted lift to g^ proper. This failure may be projected out under 



(4.46) 



(fe"-iu(l) ^ g^) 



6"u(l) 



to yield the 6"u(l)-connection which obstructs the lift. It is the morphism denoted / ^ in figure[3]which picks 
up the information about the twist/obstruction. This was constructed in proposition 40 of [68 . However, the 
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(&"^^u(l) ^ g^)-connection itself deserves to be considered in its own right: this is just the Loo-connection 
version of "twisted bundles" or "gerbe modules" . In particular, the obstruction problem can also be read 
the other way round: given a 6"u(l)-bundle, we may ask for which g-bundles it is the obstruction to lifting 
these to a g^-bundle. In string theory, this is actually usually the more natural point of of view: 

• given the Kalb-Ramond background field (a 6u(l)-connection) pulled back to the worldvolume of a 
D-brane, the "twisted C/(i/)-bundles" corresponding to it are the "Chan-Paton bundles" supported 
on that D-brane; 

• given the supergravity 3-form field (a 6^u(l)-connection) pulled back to the end-of-the-world 9- 
branes, the "twisted i?[/(l)-2-bundle" corresponding to it is the Kalb-Ramond field, with the twist 
giving the failure of its 3-form curvature to close dH^ = G4. 

5. Differential twisted structures in String theory 

We now use the tools from section|4]to explicitly derive the ioo-algebra valued local differential form data 
of differential twisted String(n)- and Fivebrane(n) cocycles, i.e. the local Loo-connection data of twisted 
String(n)- and Fivebrane(ri)-principal 00-bundles with connection. This will explicitly derive the higher 
form fields known in string theory together with their familiar twisted Bianchi identites. 

Note that this section ignores the normalization prefactors in front of de Rham representatives of classes, 
as they do not matter here. 

5.1. Differential twisted cohomology. Differential twisted cohomology is the pairing of the notions of 
twisted cohomology with differential cohomology. Recalling that 

• a cocycle in differential cohomology is to the underlying bare cocycle as a connection on an cxo-bundle 
is to a principal 00-bundle; 

• a cocycle in twisted cohomology is to an ordinary cocycle as a twisted cxD-bundle is to a principal 
00-bundle, 

We expect cocycles in differential twisted cohomology to classify twisted principal 00-bundles with connec- 
tion. The definition of twisted differential cohomology is obvious when we remember that for A ^ B ^ C a, 
fibration sequence and c : X ^ C & given twisting cocycle, a c-twisted A-cocycle is nothing but a i3-cocycle 
that satisfies a certain constraint. Therefore twisted differential A-cocycles are just differential _B-cocycles 
satisfying a corresponding constraint. 

More formally, we can restate this using the fact that differential nonabelian cohomology itself is defined 
here as a kind of twisted cohomology, where the twist is given by curvature characteristic classes. Therefore 
differential twisted cohomology may be understood as an example of bi-twisted cohomology. 

Definition 5.1. Consider two fibration sequences A ^ B ^ C and A' B ^ C with the same object B 
in the middle. Then given a C- and a C -cocycle c : X —> C and c' : X ^ C , respectively, we say that the 
set of connected components 

of the homotopy pullback in 

H[,,,,](X, A XB A') ^ * 

cxc' 

H(X, B) ^ H(X, C X C") 

is the [c, c']-bitwisted cohomology of X. 

Twisted differential cohomology is an example of this as follows: 
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Definition 5.2. Consider a fibration sequence A ^ B ^ C . As before, assume first for simplicity that B 
is once deloopable (semi-abelian). Then according to our discussion of differential cohomology it sits also in 
the fibration sequence 

-Bflat ^ -B — > BSdR ■ 

Then given a C-cocycle c : X ^ C and a curvature characteristic P . X ^ BS^r, we say that the differential 
[c]-twisted cohomology with curvature class [P] is the [c, P]-bitwisted cohomology H^^^ p^(X, A Xg Bfiat) of 
X. 

Our main statement here is about the examples of this given by twisted differential String(n)- and 
Fivebrane(n)-structures. In our chosen smooth context H (recall section [^?T|) . we have smooth versions 
of the String(n)- and the Fivebrane(n) fibration sequence 

(5.1) BString(?i) BSpin(n) M B^U{1) 
and 

(5.2) BFivebrane(n) ^ BString(n) ^ B^J7(1) . 
For given twisting classes 

(5.3) ^pi{TX) : X ^BSpm{n) ^B^U{1) 
and 

(5.4) ^Pi{TX) : X BString(n) ^ B^U{1) 

we determine the local differential form data and twisted Bianchi identity of differential refinements of 
the corresponding twisted String{n)- and twisted i<"it)e6rane(n)-cocycles, respectively. In the following we 
discuss the 

Theorem 5.3. • The local differential form data of a twisted StTmg{n) -bundle with connection is that 

known from the Green-Schwarz mechanism. 
• The local differential form data of a twisted FiYehTaiie{n) -bundle with connection is that of the dual 
Green-Schwarz mechanism. 

This is described in the following subsections. The crucial point to notice is that the twisting morphism 

(5.5) ipi : BString(n) ^ B'iU{l)) 
may be modeled by the span of crossed complexes 

(1^1^ Spin(n) ^ *) ^ (C/(l) ^ i7Spin(n) ^ PSpin(n) ^ 1) ([/(!) ^1^1^*). 
The corresponding morphism of Loo-algebras is 

(5.6) so{n) ^ (&u(l) ^ strinB(n)) ^^^(l) . 

Therefore for gtw a cocyle for a smooth ipi(rX)-twisted String(n)-principal cxD-bundle P X is one fitting 
into a diagram 

B(BC/(1) ^ String(n)) 





BSpin(7i) i ^ B^U{1) 
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The corresponding Cartan-Ehresmann cxo-connection is given by the diagram 

^'.ertiP) ^ CE(6u(l) ^ strin0(n)) 



n'{P) ' ' W(&u(l) ^ strin0(n)) 



n'{X) inv(&u(l) ^ strin0(n)) 

such that the corresponding twist is the given one. According to the above triangular diagram, this correct 
projection of the twist is ensured by inserting this diagram into the bigger one that exhibits the twisting 
differential cocycles. This big diagram is displayed in the following and then its content is analyzed by seeing 
which dg-algebra morphisms it encodes and what differential form data that amounts to. 

The discussion for the Fivebrane(n)-case then is entirely analogous. We now describe and analyze these 
diagrams in more detail. 



5.2. Twisted u(n) 1-connections. As a warmup for the following two sections, we describe twisted 1- 
bundles with connection in terms of their Loo-algebraic formulation and rederive in this language the familiar 
fact that their Chern character is closed in iJs-twisted de Rham cohomology, where is the curvature 3-form 
of the twisting 2-bundle. 

In [4J twisted bundles and twisted gerbes are conceived of in terms of local transition data, using a 
nonabelian variant of Deligne-cohomology notation. Twisted bundles appear in the middle of section 3, 
while twisted gerbes are described in section 4 of that paper. It is not hard to see that their equation in 
between equations (55) and (56) expresses the idea which we emphasize here: that twisted n-bundles are 
potentially twisted lifts, i.e. obstructions to lifts, through 6"~^u(l)-extensions 

Consider the extension of Lie algebras 

(5.7) — >u{l) — >u{k) — ^pu(fc) — >0 

where pu(fc) denotes the Lie algebra of the projective unitary group PU{k). It is the same as the Lie algebra 
of SU{k), but we write pu(A;) to remind us that we would like to integrate to PU{k) eventually. PU{k)- 
bundles and the corresponding twisted C/(fc)-bundles model the Chan-Paton bundles on D-branes and give 
classes in twisted K-theory [89] [49] [20] [T9]. 

The weak quotient Lie 2-algebra (u(l) u(fc)). We describe in detail the Lie 2-algebra arising as the 
weak (or homotopy) quotient of u(A:) by u(l). Let, as usual, be a basis of u{k)* regarded as being in 

degree 1, with t° dual to the generator of the center = u(l). Let {C^tc} be the structure constants of u(fc) 
in that basis. Then the Chevalley-Eilenberg DGCA of (u(l) — > u(fc)) is 

(5.8) CE(u(l) ^ u(fc)) = |^A*(u(fc)* ® (6) ) 

with the differential defined on the generators as 

dt° = -b 



2 

(5.9) db = 
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W(u(l) ^ u(A;)) = I A*(u(fc)*© (&) ©u(fc)*© (c) ) 

12 2 3 



The Weil algebra is 
(5.10) 

with differential given by 
(5.11) 

where {r^jr"} = cr{t'^,i"} is the induced basis on {u(A:)*} in degree 2. Finally, the algebra of invariant 
polynomials is 

(5.12) W(u(l) ^ u(fc))basic = A*( (c) © (rO) © (ca) © (ca) © • • • ) 1 , 

\ \ 3 2 4 6 

where the differential vanishes on all the & and on c and satisfies rfr° = c. Under the inclusion 



rf6 



-6 + rO 



= -c, 



(5.13) 



W(u(l) ^ u(fc)) 



W(U(1) ^ U(fc))ba 



c maps to c, r° to r° and the Cj to the corresponding Chern polynomial forms C2 i-^ (02)06?*° Ar'', C3 
(£3)060''''' A r** A r"^, etc. Notice that r° is the polynomial corresponding to the would-be first Chern class 
Ci. This ro is the non-closed invariant polynomial which will give rise to twisted de Rham cohomology. By 
the general princple, a twisted u(fc)-connection now is a Cartan-Ehresmann connection with structure Lie 
2-algebra q = (u(l) —>■ u{k)): 



(5.14) 



CE(u(l) ^ u(A;)) 



i^V(u(l) ^ u(fc)) 



Fa = (F° = dA° + B,F'' = dA" + [AA A]") 
dF° = H3 



n'{X) inv(u(l) ^ u(fc)) 

is given by a DGCA homomorphisms W(u(l) — > u(A:))basic il*{X). This is a collection consisting of a 
closed 3-form c Hs G ^closed (^)' ^ 2-form r° 1— > u G fi^(X), and a series of closed even forms coming 
from the c^. The Chern character of this connection for the product U{n) = SU{n) x U{1) is as usual the 

combination 

(5.15) ch(FA) ■.= trcxp(F + ci) =p/Hrexp(F) 

of the Ci . The only difference to an ordinary u(fc)-connection is that now no longer are all of the q closed, 
but that dci = H3. Hence 

(5.16) dch = H3Ac, 
which says that ch is closed in ifa-twisted de Rham cohomology. 

The Chern character of a twisted u(fc)-connection lives in /fa-twisted (periodic) de Rham cohomology 

(5.17) ch{FA)eH^j,iX,H3). 

Here periodic twisted de Rham cohomology is the cohomology of the Z2-graded complex Q''^'^'^{X)^Q°'^'^{X), 
equipped with the differential = d + H^A. 
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Interpretation in terms of sections of 3-connections. We can reinterpret the twisted cohomology 
part of the situation in terms of sections of associated 3-connections as a generalization of the mechanism 
in the example below definition 14. 161 Let g := 6^u(l). The extended standard representation of 6^u(l) from 
definition 14.121 comes with a Weil algebra given by the obvious generalization of that defined in equations 
(j4.39p . Interpret the closed globally defined 3-form as a flat &^u(l)-connection 



(5.18) 



{H3,dH3=0) 



VF(62u(l)°P ® &"-lu(l)) 



and consider a section of this connection via the extended standard representation in dcfinition l4.12l of 6^u(l). 
As we extend the connection morphism through the twisted DGCA of the extended standard representation 



(5.19) 



Wp(62u(l), 

({c2r},{Vc2;}s,//3) 




-{H3,dH3=a) — W(fe^u(l)) 



we pick up forms which are the images of the other generators appearing in equations (j4.39p : 



(5.20) 
(5.21) 



V2r 
(JV2r 



C2r e n'^iP) 
VC2r := dH3C2r 



i/3 A 



C2(r 



The i/a-twisted de Rham differential now appears as the covariant derivative of a section of the associated 
cochain complex which is associated via the extended standard representation of &^u(l) to the Loo-connection 
obtained from interpreting the globally defined 3-form H^, as the connection 3-form on a trivial flat 3-bundle. 
This means that we are interpreting the d + iJs twist at 2 different but closely related levels: 

• the twisted 1-connection which is a morphism into the 2-connection has {d -|- iJ3)-closed Chern 
character. 

• Regarding the untwisted 2-connection as itself being twisted, but by the trivial twist given 
by a flat 3-connection the interpretation of changes from that of a 3-form curvature to a 3-form 
connection. The covariant derivative of this 3-form connection with respect to the extended standard 
representation of 6^u(l) is again V = d -I- iLs. 

5.3. Twisted strin0(7i) 2-connections. Let X be a smooth space (an object in H) with Spin structure 
given by a cocycle g G H{X, BSpin) and hence with fractional first Pontrjagin class 



(5.22) 



X 



■ BString ■ 



2P1 



■C/(l) 



We now work out the differential form data, according to section 21 15.11 carried by a cocycle in differential 
^Pi(X)-twisted BString-cohomology q g iJ[ip^(j>f-)](X, BString), i.e. the connection and curvature data and 
the twisted Bianchi identity of a twisted String-2-bundle. We demonstrate that this twisted Bianchi identity 
is a relation between differential forms as appearing in the Green-Schwarz mechanism. 

For that purpose let p : P X be the total space of the twisted String- 2-bundle concretely realized 

as the puUback 



(5.23) 



P ^ E(BC/(1) ^ String) 




BSpin 



for some twisted lift gtw of g. 
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On this cover P ^ X, the computation is essentiaUy a special case of the general description of higher 
Chern-Simons connections in section 7 of [55] : there we computed the differential data of the obstruction to a 
differential String- lift, here we fix the obstruction and compute the nature of the cocycles twisted by it. The 
reader can without essential loss think of P as an ordinary manifold and of fi* (P) as ordinary differential 
forms on this manifold. 

In yet another equivalent formulation of this situation, we describe the covariant derivative and its Bianchi 
identity of a section of a bundle associated with respect to the representation of B^C/(1) induced by the 
canonical Loo-algebra inclusion 



to a B^C/(l)-3-bundle with local connection 3-form C3 G il^{P) and with curvature 4-form G4 G ^^ciosodC-'^)' 
By the discussion in section 14.3.21 this is a choice of dashed morphisms in the diagram 



(5.24) 



CE(6u(l) ^ 0^) 



^ CE(62u(l)) 



CE(6u(l) ^ 0^) 




■(C3)vorf 



CE(&2u(l)) 



CE(inn(6u(l 
~ W(6u( 

{a,Fa,b,v:^,C3,G4.} 



)) CSp(0)) 




Q'{P) 



■(C3,G4> 



W(62u(l)) 



inv(inn(6u(l)) ^ csp(0)) 





inv(62u(l)) 



It may be helpful to recall what each of the terms in this diagram means. The following diagram is a labeled 
map for the above one. 
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Chevalley-Eilenberg algebra of 

structure Loo-algebra 

for twisted String 2-bundle 



flat nonabelian differential forms 
on fibers of total space 
or cquivalently 
section of 

2-gerbe / line 3-bundle 



vertical differential forms 
on total space 



flat abelian differential forms 
on fibers 



Chevalley-Eilenberg algebra of 
structure Loo-algebra of 
2-gerbe/line 3-bundle 



Weil algebra of 

structure Loc -algebra 

for twisted String 2-hui)(llo 



connection and curvature on 
twisted String 2-bundle 
or equivalently 

section with covariant derivative 
of 2-gerbe / line 3-bundle 



differential forms 
on total space 



connection and curvature on 
2-gerbe / line 3-bundle 



Weil algebra of 

structure Loc-algcbra of 
2-gerbe / line 3-bundle 



invariant polynomials on 

structure Loo-algebra 

of twisted String 2-bundle 



characteristic forms of 
twisted String 2-bundle 



differential forms 
on base space 



characteristic forms on 
2-gerbe / line 3-bundle 



invariant polynomials on 
structure Loo-algebra of 
2-gerbe / line 3-bundle 
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Now, chasing the generators of the graded-commutative algebras through this diagram and recording the 

condition imposed by the respect of the morphisms of DGCAs for differentials, one finds that in components 
the commutativity of this diagram encodes the following differential form data and the following relations 
on that. 



fa , , A a 
^ ^vert 

b i?vort 

k ^ (C3)vert 




-A 



db = ^ — k 
dk = 



k i—> k 




H3 := 


VB 


= dB + Cz- CS{A, Fa) 


dH-i = 


Qi- 


- {Fa a Fa) 


dQi = 








r 

B 

c^VB 

I I— » ^4 



-A 



= 


-- -iC^bci'' At'^ + r" 




= -C'bct'' A r'= 


db = 


CS + c — k 


dc = 


l-P 


dk = 


I 



>C3 

Ga 



l^l 



k k 
I ^ 



dk = l 
dl = 



c^VB := H3 
I I— > Q4 

P^{FaA Fa) 



dHs = 04- {Fa A Fa) 
dGi = 
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Here, as usual, P e W{q) is the invariant polynomial on g in transgression with with the cocycle /i G CE(0). 
With {f^} a fixed chosen basis of g* in degree 1 and {r°} the corresponding basis in degree 2, we have 
P = P^^r'' A and ^ = ^iabct" and cs = Pabt^ A r"^ + \iJLabct°- A t*' A t". We have 



curvature 


i/3 :=dB + C3-CS(A,F^) 


Bianchi identity 


difs ^Qi- {Fa a ^^a) 



In [55] this situation was considered from a different perspective for the special case B — and Vi? = 0. 
There the dashed morphism was obtained as a twisted lift of a g-connection to a g^-connection and the 
6^u(l)-connection appeared as the corresponding obstruction. Here now the perspective is switched: the 
6^u(l)-connection is prescribed and the choice of dashed morphisms is a choice of twisted g^-connections 
with prescribed twist G^. 

The covariant derivative 3-form VB of the twisted g^-connection, which we denote by H^, measures the 
difference between the prescribed &^u(l)-connection and the twist of the chosen twisted g^-connection. The 
Bianchi-identity 

(5.25) di?3 = Qi- P{Fa) 

which appears in the middle on the left says that this difference has to vanish in cohomology, as one expects. 
Indeed, this is the structure of the differential forms in the Green-Schwarz mechanism. 

5.4. A model for the M-theory C-field. Our formalism allows for (a generalization of) three points of 
view regarding the description of the M-theory C-field. These are 

(1) as a shifted differential 2-character. This views the Eg, class a as somewhat more 'basic' and then 
iA is a shift leading to a shifted differential 2-character [5B]. 

(2) as a twisted string structure. This takes as the more 'basic' for which the Eg, class a acts as a 
twist. 

(3) a more democratic point of view of both classes as twists for degree four cohomology. This is the 
bi- twisted point of view. 

The description of the M-thcory C-field is very closely related to that of the fields in heterotic string theory 
discussed in the previous section. In fact, one way of deriving the quantization condition (|3.44[) of G4 is by 
comparing |87| to the heterotic theory on the boundary [A3>\. The condition in the latter is a trivialization 
of the cohomology class c\v2{E) — pi{X) on a ten-manifold X . As we saw above this is equated at the level 
of forms to dH^. The condition in M-theory on a Spin manifold 1" is a trivialization of the cohomology class 
[C4] + jpi — a, where a is the class of the Eg bundle. At the level of forms, this is equated to dCz- 

We can already see the close similarity in the mathematical structures between the two quantization 
conditions. We will use this to provide a model for the C-field in twisted nonabelian differential cohomology 
using the case of the heterotic string from the previous section. We see that the changes we need to make 
to the diagrams in the previous section are simply 

(1) Replace by G4. 

(2) Replace by C3. 

(3) Replace dB2 by C3. 

(4) Add the term {F^ AF^). 

From this we conclude that the C-field in M-theory is a cocycle in the total differential twisted cohomology 

(5.26) i?tw(A, BString x BC/(8)) , 
using the notation from section [^751 

5.5. Twisted fitiebtane(n) 6-connections. Now we consider the connection on a twisted Fivebrane-bundle 
obtained from a twisted lift of a Spin-bundle. The discussion is entirely analogous to that in the previous 
section, only that now, more differential forms enter the picture. 
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Suppose aso(n) connection is given and we are asking for a lift to a fitiebrane(n) ~ (50(71)^3 )^j-connection. 
We discussed the obstruction for that in [68 . By the general discussion in section ??, if the obstruction does 
not vanish, we still get a twisted fit)efarane(n)-connection, namely a connection with structure Loo-algebra 
being 



(5.27) 



(6yi)--(6u(l)'^(0^3U)), 



The twisted Bianchi identity in this case is nothing but the dual Green-Schwarz formula [69] in terms of 
differential forms. 



To see this, consider a section of a 5^u(l) 5^u(l)-connection given by a pair consisting of a connection 
and 7-form {C3,Cr) G n^{X) x 
with respect to the canonical inclusion 



3- and 7-form {€3,07) S n^{X) x fl^X) with curvature 4- and 8-form (^4,^8) e ^^cioscd(^) x ^cioscd(^) 



(5.28) 



CE((5u(l) © 6^1)) ^ (so(n)^3)Mr) ^ ^ CE(62u(l) © b'>u{l)) 



Again by the discussion in section 14.3.21 this is a choice of dashed morphisms in the diagram with the 
appropriate changes in the various entries. 



CE((6u(l)©feMl))--(soHM3U) 



{^vcrt ,(-82) vert ,( -Be) vert ,((^3) vert .(C?) vert 
^VCrt(-P) ^((C3)vert,(C7)vert) 



CE(inn(6u(l) © b^u{l)) ^ csp,+p,iQ)) 
^W((6u(l)©6Ml))--(so(n)^3)^,) 



-{C3,C7,G4,Gs)- 



r{mn{bu{l) © 6-^u(l)) ^ csp,+p, (so(n))) 



{H3M7,Gi,Gs,Pi{FA),P8{FA)} 



CE(62u(l)©66u(l)) 



W(62u(l)ffi66u(l)) 
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Here is again the interpretation of the terms in this diagram: 
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Chevalley-Eilenberg algebra of 

structure Loo-algebra 

for twisted Fivebrane 6-bundle 



flat nonabelian differential forms 

on the fibers 

or equivalently 

section of 

7-bundle 



vertical differential forms 
on the total space 



flat abelian differential forms 
on the fibers 



Chevalley-Eilenberg algebra of 
structure Loo-algebra of 
line 7-bundle 



Weil algebra of 

structure Loo -algebra 

for twisted Fivebrane 6-bundle 



connection and curvature on 
twisted Fivebrane 6-bundle 
or equivalently 

section with covariant derivative 
7-bundle 



differential forms 
on the total space 



connection and curvature on 
7-bundle 



Weil algebra of 
structure Loo-algebra of 
7-bundle 



invariant polynomials on 

structure Loo-algebra 

of twisted Fivebrane 6-bundle 



characteristic forms of 
twisted Fivebrane 6-bundle 



forms on base space 



characteristic forms on 
7-bundle 



invariant polynomials on 
structure Loo-algebra of 
7-bundle 
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By again chasing elements through the diagram one finds the following data: 









d{B2)vcrt — 




ert) ^ (C3)vcrt 


d{B(j)ycrt — 




ert) ~ (C7)vert 


f^(C'3)vert = 







d{CY)veTt = 








r 


^ ^vert 




^ {B 2) vert 


be 


1— > (-Be) vert 




^ (C3)vert 




l-> (C7)vert 




fca ^ 





de 




db2 


= fJ-3-k3 


dbfy 


= fxr-kr 


dks 


= 


dk-r 


= 



(C'3)vert 
((^7) vert 



H3 := 


VB2 


= dB2 + C3-CS3{A,FA) 


Ht.= 


VBe 


= dB6 + C7-CS7{A,FA) 


dHs = 


Gi- 


{Fa a Fa) 


dHr = 


08- 


{Fa a Fa a Fa a Fa) 


dGi = 







dg8 = 








be I 
C3 ' 
C7 I 

kr 



► B2 
►Be 

► VB2 

► VBe 

08 





— 2^'^bct 


^ Af + r 




r^a j-b 

— —0 bet 


Ar" 


db2 


= CSs + Cs 


-ks 


dbe 


= CS7 + C7 


-kr 


dcz 


= k-P4 




dcr 


= l8-Ps 




dks 


= h 




dkj 


= k 





ks 

kr 



> C7 

08 



dHs 


= Qi 


-{Fa A Fa) 


dHr 


= 08 


- {Fa a Fa a Fa a Fa) 


dQi 


= 




dGs 


= 





C3 VB2 := H:t 
C7 I— > V-Be := -H^7 
h I— > 04 
^8 1-^ Gs 
P4. ^ {Fa a Fa) 
Pa (-Fa a -Fa a Fa a Fa) 



dc3 


= h 


-Pi 


dcr 


= k 


-Ps 


dli 


= 




dls 


= 




dPi 


= 




dPs 


= 





04 
08 
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As usual, P4, Ps G ^^(0) are the invariant polynomials on g in transgression with with the cocycles 
M3iM7 € CE(g). The covariant derivative 7-form V-Be of the twisted (so (71)^3 )^7-connection which we denote 
by measures the difference between the prescribed 6^u(l)-connection and the twist of the chosen twisted 
(50 (71)^3)^7 -connection. The Bianchi-identity 

(5.29) dHj ^ - Ps{Fa) 

which appears in the middle on the left says that this difference has to vanish in cohomology, as one expects. 
This is the differential form data of the dual Grcen-Schwarz mechanism 69 . 

5.6. A model for the M-theory dual C-field. Similarly to the case of the C-field, our formalism allows 
for (a generalization of) three points of view regarding the description dual of of the M-theory C-field. These 
are 

(1) as a shifted differential 6-character. This views the Eg degree 8 class ^a^ as somewhat more 'basic' 
and then ■^P2 is a shift leading to a shifted differential 6-character. This is a generalization of the 
case in [55] to the degree eight case. 

(2) as a twisted Fivebrane structure. This takes j^P2 as the more 'basic' for which the Eg, class ^a^ acts 
as a twist. 

(3) we can also give a more democratic point of view by viewing both classes as twists for degree eight 
cohomology cohomology. This is the bi- twisted point of view. 

In this section we provide a model for the dual Gs of the C-field in an analogous way that we did for the 
case of the C-field itself in section !?^ Here again we notice the similarity in structure between the dual 
of the Hr^ field in ten dimensions and the dual Gg of G4 in eleven dimensions. provides a trivialization 
of the dual of the Green-Schwarz anomaly formula, while Gg is itself part of the sum of cohomology class, 
and hence, at the level of differential forms, it is iiseZ/ trivialized rather than acting as trivialization. Hence, 
as in the degree four case, we have an extra term dCi that acts as a trivialization. In fact C7 is the right 
hand side of the equation of motion for G4. 

We can again see the close similarity in the mathematical structures between the two quantization condi- 
tions (see eauation l3.46p . We will use this to provide a model for the dual of the C-field in twisted nonabelian 
differential cohomology using the case of the dual heterotic string from previous section. We see that the 
changes we need to make to the diagrams in the previous section are simply 

(1) Replace Gs by Gg. 

(2) Replace Hr by C7. 

(3) Replace dB^ by cy. 

(4) Add the term (F^ A A A F^). 

From this we conclude, again, that the dual C-field in M-theory is a cocycle in the total twisted differential 
cohomology 

(5.30) H"tw(X, BFivebrane x B[/(10)) , 
using the notation from section [2.31 
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